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We define a family of stochastic Loewner evolution-type processes 
in finitely connected domains, which are called continuous LERW 
(loop-erased random walk). A continuous LERW describes a random 
curve in a finitely connected domain that starts from a prime end and 
ends at a certain target set, which could be an interior point, or a 
prime end, or a side arc. It is defined using the usual chordal Loewner 
equation with the driving function being ^/2B(t) plus a drift term. 
The distributions of continuous LERW are conformally invariant. A 
continuous LERW preserves a family of local martingales, which are 
composed of generalized Poisson kernels, normalized by their behav- 
iors near the target set. These local martingales resemble the discrete 
martingales preserved by the corresponding LERW on the discrete 
approximation of the domain. For all kinds of targets, if the do- 
main satisfies certain boundary conditions, we use these martingales 
to prove that when the mesh of the discrete approximation is small 
enough, the continuous LERW and the corresponding discrete LERW 
can be coupled together, such that after suitable reparametrization, 
with probability close to 1, the two curves are uniformly close to each 
other. 

1. Introduction. LERW (loop-erased random walk) (cf. [4]) is obtained 
by removing loops, in the order they are created, from a simple random 
walk on a graph that is stopped at some hitting time. Since the loops are 
erased, so an LERW is a simple lattice path. In this paper, we will consider 
the loop-erasures of conditional random walks. They have properties that 
are very similar to loop-erased random walks, so we still call them LERW. 

In [16], Schramm introduced stochastic Loewner evolution (SLE), a fam- 
ily of random growth processes of closed fractal subsets in simply connected 
plane domains. The evolution is described by the classical Loewner equation 
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with the driving term being times a standard hnear Brownian motion 
for some k>0. SLE behaves differently for different values of k. Schramm 
conjectured that SLE2 is the scaling limit of a kind of LERW on the grid 
approximation of the domain. And he proved the conjecture in that pa- 
per under the assumption that the scaling limits of LERW are conformally 
invariant. 

Schramm's processes turned out to be very useful. On the one hand, they 
are amenable to computations; on the other hand, they are related with some 
statistical physics models. In a series of papers [6, 7, 8], Lawler, Schramm and 
Werner used SLE to determine the Brownian motion intersection exponents 
in the plane. In [10], the conjecture in [16] is completely solved, where no 
additional assumption is added. In the same paper, SLEg is proved to be the 
scaling limits of UST (uniform spanning tree) Peano curve. Smirnov proved 
in [18] that chordal SLEg is the scaling limit of critical site percolation on 
the triangular lattice. And Schramm and Sheffield proved in [17] that the 
harmonic explorer converges to chordal SLE4. In [9], SLEg/s is proved to 
have the restriction property, and so is conjectured to be the scaling limits 
of self-avoiding walk. For the properties of SLE, see [5, 15] and [19]. 

At the beginning, the SLE is only defined in simply connected domains, 
because the definition uses the Riemann mapping theorem. In [20], a kind 
of SLE-type process, which is called annulus SLE, is defined in doubly con- 
nected domains. The definition uses the rotation symmetry and refiection 
symmetry of an annulus. It is proved there that annulus SLE2 is the scaling 
limit of the LERW in the grid approximation of a doubly connected domain 
that starts from a vertex that is close to a boundary point and stops when 
it hits the other boundary component. 

The definitions of LERW on grid approximations of simply or doubly con- 
nected domains could be easily extended to multiply connected domains. It 
is interesting to study the scaling limits of the LERW in multiply connected 
domains. This may help us to extend the SLE to multiply connected do- 
mains. 

In this paper, we will define a family of SLE-type processes, which are 
called continuous LERW, in finitely connected domains. They are defined 
using the usual chordal Loewner equation with the driving function being 
V2B{t) + S{t), where B{t) is a standard linear Brownian motion, and the 
drift term S{t) is continuously differentiable in t. The drift term is care- 
fully chosen, so that the continuous LERW satisfy the conformal invariance, 
and preserve a family of local martingales generated by generalized Poisson 
kernels. The local martingales resemble the discrete martingales preserved 
by the corresponding discrete LERW on the discrete approximation of that 
domain. And this resemblance is used to prove the convergence of discrete 
LERW to continuous LERW. 
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This paper is organized as follows. In Section 2, we define some notation 
that will be used in this paper. In Section 3, three kinds of continuous 
LERW are defined, which are continuous LERW "aimed" at interior points, 
prime ends and side arcs. And we prove that they all satisfy the conformal 
invariance. In Section 4, we present the continuous and discrete martingales 
preserved by continuous and discrete LERW, respectively, and explain the 
similarity between these martingales. 

In Section 5, we give a rigorous proof of the existence and uniqueness 
of the solution to the equation that is used to define a continuous LERW. 
The lemmas that are used for the proof are interesting. We first use the 
idea of Caratheodory topology to define the convergence of plane domains. 
Then we define a metric on the space of hulls in the upper half plane, so 
that the set of hulls that are contained in a fixed hull is compact. This 
compactness property is frequently used in the remaining part of this paper. 
In this section, we use it to derive many uniform constants without working 
on concrete functions. 

In Section 6, we first consider one kind of LERW, whose targets are inte- 
rior points. The method given in [10] is used to get a coupling of the driving 
process for the discrete LERW and that for the continuous LERW such that 
the two driving processes are uniformly close to each other in probability. In 
Section 7, we first use some regular properties of the discrete LERW curve 
to get a local coupling of the LERW curve and the continuous LERW trace 
so that the two curves are close to each other, before either of them leaves a 
hull bounded by a crosscut. Finally, we glue all local couplings to get a global 
coupling of the curves. In the last section, we study the convergence of the 
other two kinds of LERW. And we get the similar results of the convergence. 

2. Some notation. 

2.1. Loop-erased random walk. In general, an LERW is defined on a 
connected locally finite graph G= {V,E). We will usually consider the 
graphs that are discrete approximations of some plane domains. A loop- 
erasure of a finite lattice path v = ('y(O), . . . ,v{n)) on G is defined as fol- 
lows. Let no = niax{m:v{m) = v{0)}. Define the sequence (rij) inductively 
by nj+i = msix{m:v{m) = v{nj + 1)} if nj is defined and nj < n. Let x 
be the first j such that nj = n. Let w{j) = v{nj) for < j < x- Then 
w = {w{0), . . . ,'w{x)) is called the loop-erasure of (u(0), . . . ,v{n)) (see [4]), 
and is denoted by LE(f). It is a simple lattice path with w^O) = v{0) and 
w{x) =v{n). 

A subset 5" of y is called reachable in G if for any v £ V \ S, a (sim- 
ple) random walk on G started from v will hit S in finitely many steps 
almost surely. Suppose A and B are disjoint subsets of V such that Au B 
is reachable in G. Suppose vq £V\{A[J B) and there is a lattice path on G 
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connecting vq and A without passing through B. Then the probabihty that 
a random walk started from vq hits A before B is positive. We now consider 
this random walk stopped on hitting Au B and conditioned to hit A. It is a 
random finite lattice path. The loop-erasure of this path is called the LERW 
on G started from x conditioned to hit A before B. 

For a function / defined on V, and v £ V, let Acfiv) = J2w'^vif i''^) ~ 
f(v)), where w ^ v means that w and v are adjacent. If Acfiv) = 0, then 
we say / is discrete harmonic at v. The proof of the following lemma is easy, 
and can be found in [20]. 

Lemma 2.1. Suppose A and B are disjoint subsets of V and AU B 
is reachable in G. Let x \ {A[J B) he such that there is a lattice path 
connecting x and A without passing through any vertex on B. Then there is 
a unique nonnegative bounded function h on V such that h = on AU B; 
Ach = on V\{A[J B U {x}); and J2veA ^Gh{v) = 1. Moreover, if either 
A or B is a finite set, then there is a unique nonnegative bounded function 
gonV such that g = on B; g = l on A; Acg = onV\{AUBU {x}); 
and J2v&A ^G9{v) = 0. 

Suppose E-i and F are disjoint subsets of V and E-i U F is reachable 
in G. Let xq £ N he such that there is a lattice path connecting xq and 
F without passing through any vertex on E^i. Let (^(0), . . . , g(x)) be the 
LERW on G started from xq conditioned to hit F before E^i. So (/(O) = xq 
and q{x) G F- For < j < x, let Ej = E^i U {g(0), . . . , q{j)]. Then Ej and F 
are disjoint. Since EjUF is bigger than E^i UF, so it is also reachable. Note 
that for any < j < (qU), ■ ■ ■ , Qix)) is a lattice path connecting q{j) with 
F without passing through Ej-i. Let hj be as in Lemma 2.1 with A = F, 
B = Ej-i and x = q{j). If either E-i or F is finite, then either Ej or F is 
finite. Let gj be the g in Lemma 2.1 with A = F, B = Ej^i and x = q{i). 
Let F be the union of F with the set of vertices of V that are adjacent to 
F. Then we have: 

Proposition 2.1. Fix anyvo e V. Then {gk{vo)) (if E^i or F is finite) 
and (/ifc(uo)) are discrete martingales up to the first time Xj. hits F , or E^ 
disconnects vq from F in G. 

Proof. The result for {gk) in a special case is Proposition 3.2 in [20]. 
The proof of that proposition applies to general cases. The proof for [hk) is 
similar. □ 

2.2. Finitely connected domains. In this paper, a domain is a nonempty 
connected open subset of the Riemann sphere C = C U {oo}. Here we allow 
that the domain contains cxo. For n G Z>o, an n-connected domain is a 
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domain D such that C \ I? is the disjoint union of n connected compact sets, 
each of which contains more than one point. A finitely connected domain is 
an n-connected domain for some n S Z>o. A 0-connected domain is just C. 
A 1-connected domain is conformally equivalent to the unit disc. 

We will use dist (resp. dist*) to denote the Euclidean (resp. spherical) 
distance; use diam (resp. diam*) to denote the Euclidean (resp. spherical) 
diameter; and use ^{zo;r) [resp. B*(2;o;r)] to denote the ball centered at 
zq with radius r, in the Euclidean (resp. spherical) metric. Let d'^D denote 
the boundary of D in C; and let dD = n C. 

Suppose D is an n-connected domain. Then d'^D has n connected compo- 
nents, each of which is the boundary of a connected component of C \ D. If / 
maps D conformally into C, then D' := f{D) is also an ?i-connected domain. 
And / induces a one-to-one correspondence / from the set of components 
of d'^D to the set of components of d'^D' such that for any component A 
of d'^D and z £ D, z — > A iff f{z) — > f{A). There exists some / that maps 
D conformally onto a plane domain that is bounded by n mutually disjoint 
analytic Jordan curves. We call such / a boundary smoothing map of D. 
Suppose fi and /2 are two boundary smoothing maps of D, and Ej = fj{D), 
j = 1,2. Then /2 o f:^^ maps Ei conformally onto E2, and /2 o f^^ induces 
a one-to-one correspondence J from the set of Jordan curves that bound Ei 
to the set of Jordan curves that bound E2 such that for any Jordan curve 
a that bounds Ei and z ^ Ei, z a iff /2 o fi^{z) — > J{a). Since a and 
J(cr) are both analytic, from the Schwarz reflection principle, /2 o f^^ can 
be extended conformally across a, and maps a onto J{(t). 

Now consider the set of all pairs (/, z) such that / is a boundary smoothing 
map of D, and z G f{D). Two pairs (fi,zi) and {f2,Z2) are equivalent if the 
extension of /2 o f^^ maps zi to Z2- Let D be the set of all equivalent 
classes. There is a unique conformal structure on D such that z 1— > [(/, z)] 
maps f{D) conformally onto D for any boundary smoothing map /. Then 
z I— > [(/, f{z))] is a conformal map from D into D independent of the choice 
of /. So we may view D as a subset of D, and call D the conformal closure of 
D. It is clear that a conformal map between two finitely connected domains 
extends uniquely to a conformal map between their conformal closures. 

We call dD : = D\D the conformal boundary of D. Then dD is a union of 
n disjoint analytic Jordan curves, each of which is called a side of D. Each 
side a corresponds to a component A of d'^D such that for z ^ D, z ^ a 
in D iff 2: ^ ^. Each point on a is called a prime end of D on A. This is 
equivalent to the prime ends defined in [1] and [13]. In fact, the definition 
in [1] describes the property of a sequence of points in D that converges 
to a point on dD, and the definition in [12] describes a neighborhood basis 
bounded by crosscuts of a point on dD. A connected subset of a side that 
contains more than one point is called a side arc. 
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li zq £ C and a prime end wq of D satisfies that for z £ D, z ^ zq iff 
z ^ wq in D, then we say the point zq and the prime end wq correspond to 
each other, and we do not distinguish the point zq from the prime end wq. 
For example, if a boundary component of I? is a Jordan curve, then each 
point on this curve corresponds to a prime end. If zq G dD and for some 
e > 0, B(zo; e) \ is a simple curve 7 connecting zq with {|z — zqI = ^I; then 
Zq corresponds to a prime end of D. But every other point on 7 corresponds 
to two prime ends of D. 

If a: {a,b) ^ D is a curve in D, and for some zq G d'^D, a{t) — > zq as 
t ^ a, then there is some prime end wq of D such that a{t) wq in D 
as t ^ a. Such wq is called the prime end determined by a at one end. In 
general, not every prime end of D can be determined by a curve in D in this 
way. 

2.3. Positive harmonic functions. Suppose D is a, finitely connected do- 
main, and Zq G D. The Green function G{D, zq\ •) in D with the pole at zq is 
the continuous function defined on D \ {zq} which vanishes on dD, is posi- 
tive and harmonic in D\ {zq}, and G{D, zq]z) behaves like — In |z — zo|/(27r) 
near zq if zq / 00; behaves like ln|z|/(27r) near 00 if zq = co- 

Suppose Wq is a prime end of D. There is a continuous function P defined 
on D\ {wq} which vanishes on D \ {if^oji ^-nd is harmonic and positive in 
D. It is called a generalized Poisson kernel in D with the pole at wq. Such 
P is not unique. But any two generalized Poisson kernels in D with the pole 
at Wq differ by a positive multiple constant. Suppose zq G dD, and dD is 
analytic near zq] then zq corresponds to a prime end of D, and the Poisson 
kernel in D with the pole at zq in the usual sense is well defined, and is an 
example of a generalized Poisson kernel in D with the pole at zq. 

Suppose I is a side arc of D. The harmonic measure function H{D,P, •) is 
a bounded continuous function defined on D taking away the end points of 
/, which is harmonic in D, vanishes on dD \ I, and takes constant value 1 on 
/ except the end points. For any z £ D, H{D, /; z) is equal to the probability 
that the plane Brownian motion started from z first hits dD at /. 

2.4. Hulls and Loewner chains. Suppose D is an n-connected domain, 
and 0" is a side of D. Let A{a) be the connected component of C \ D that 
corresponds to o". A closed subset H is called a hull of -D on o" if D \ if is 
also an n-connected domain, and A{a) U is a component of C \ (D \ H). 
Then other components of C\{D\ H) are the components oi C\D other 
than A{a). 

In this paper, we define a crosscut to be an open simple curve a in D, 
whose two ends approach to two points on dD, in the Lebesgue metric, such 
that D\a has two components, one of which is simply connected. If f/ is a 
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simply connected component of D\a, then ^7 U a is a hull in D. If n > 1, 
that is, D is not simply connected, then U is determined by a, and let 
H[a) := C/U a be the hull bounded by a. If n = 1, then the two components 
of -D \ a are both simply connected, so we need some other restrictions to 
determine H{a). For example, if we say that H{a) is a neighborhood of 
some prime end wq m. then there is no ambiguity. 

Suppose o" is a side of D. A Loewner chain in D on a is a function 
L from [0,T) for some T S (0, +oo] into the set of hulls in D on cr such 
that L(0) = 0, L{ti) C L{t2) if < ti < t2 < and for any fixed h G [0,r) 
and any compact subset F of D \ L(b), the extremal length (see [1]) of 
the family of curves in D\ L{t + e) that separates F from L{t + e) \ L{t) 
tends to as e ^ 0"'", uniformly w.r.t. t G [0,6]. Suppose < t < T, 

is a Loewner chain in D on a. For each t G [0,T), let dt be any metric on 

D \ L{t). From the definition, the d^-diameter of L{t + e) \ L[t) tends to 
as e ^ 0"^. Thus there is a unique prime end w{t) oi D\ L{t) that lies on 

the closure of L{t + e) \ L{t) va. D \ L{t) for all e > 0. We cah w{t) the prime 
end determined by L at time t. Especially, ^^(O) is a prime end on a. We say 
L is a Loewner chain started from w{Q). It is clear that for any h G [0,T), 
L{h + t), <t <T — b, is a Loewner chain in D\ L(b) started from w{b). 
Suppose L{t), < t < T, is a Loewner chain in D. Suppose u is a continu- 
ous (strictly) increasing function defined on [0,T) with u{0) = 0. Let u(T) := 
supii([0, T)). Then L'{t) := L{u~^{t)), <t < u{T), is also a Loewner chain 
in D. Such L' is called a time-change of L through u. Moreover, the prime 
end determined by L' at time u{t) is the same as the prime end determined 
by L at time t. 

One example of a Loewner chain is constructed by a simple curve. Suppose 
7: [0,T) ^ D is a simple curve that satisfies 7(0) G dD and j{t) G D for 
< t < T. Let L{t) = 7((0,t]), < t < T. Then L is a Loewner chain in D 
started from 7(0), and 7(t) corresponds to the prime end determined by L 
at time t. We say that L is the Loewner chain generated by 7. 

3. Continuous LERW. 

3.1. Chordal Loewner equation. Let M = {z £ C : Imz > 0}. Then H is a 
1-connected domain whose side is M := MU {00}. We say H is a hull in IHI 
w.r.t. 00 if i/ is a hull in IHI and H is bounded (i.e., bounded away from 00). 
A Loewner chain L in IH w.r.t. 00 is a Loewner chain in EI such that each 
L{t) is a hull in EI w.r.t. 00. For each hull if in EI w.r.t. 00, there is a unique 
function ipn that maps M\H conformally onto EI such that for some c > 0, 
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as z — > oo. Such c is called the capacity of in H w.r.t. oo, denoted by 
hcap(i/). The empty set is a hull in H w.r.t. oo, and (p^ = id, so hcap(0) = 0. 

Proposition 3.1. Suppose is an open neighborhood of xq & in H. 
Suppose W maps Q conformally into H such that for some r > 0, if z ^ 
{xq — r, xq + r) in 0, then W{z) — > M. So W extends conformally across 
{xq — r,XQ + r) by the Schwarz reflection principle. Then for any e > 0, 
there is some 6 > such that if a hull H in M w.r.t. oo is contained in 
{z £M:\z — xo\ < 5}, then W{H) is also a hull in M w.r.t. oo, and 

I hcap{W{H)) - W'ixof hcap(i?)| < e| hcap(if)|. 
Proof. This is Lemma 2.8 in [6]. □ 

For T £ (0, +oo], let C([0,T)) denote the space of real-valued continuous 
functions on [0,r). Suppose ^ G C{[0,T)). We solve the chordal Loewner 
equation: 

for < t < T. For each t £ [0,T), let Kt be the set of z G H such that the 
solution ips{z) blows up before or at time t. We say that (pt and Kt, <t <T, 
are chordal Loewner maps and hulls, respectively, driven by ^. 

For <t <T, Kt is a. bounded closed subset of H, ipt maps M \ Kt con- 
formally onto H, and satisfies 

pt{z) = z + ^ + o(^-^^ 

as z — > oo. So Kt is a hull in H w.r.t. oo, \icap{Kt) = 2t and (pKt = ft- 

Proposition 3.2. (i) Suppose (pt cind Kt, <t <T, are chordal Loewner 
maps and hulls, respectively, driven by ^. Then t ^ Kt, < t < T , is a 
Loewner chain in M w.r.t. oo started from ^(0). And for each t G [0,r), 
hcap(-R't) = 2t, ift = PKty o,nd 

m}=[]n{Kt+e\Kt). 

e>0 

(ii) Suppose L{t), < t < T, is a Loewner chain in M w.r.t. oo. Let 
v{t) = hcap(-L(t))/2, <t <T. Then v is a continuous increasing function 
with v{0) = 0. And Kt := L{v-^{t)), 0<t< v{T), are chordal Loewner hulls 
driven by some ^ G C([0, w(T))). 
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Proof. This is almost the same as Theorem 2.6 in [6]. □ 

Fix b e [0,r). Let ipb^t = ° and Kb,t = ^b{Kt \ Kb) for b<t<T. 
Then it is easy to check that Kb^b+t and ipb,b+t, < t < T — b, are chordal 
Loewner hulls and maps driven by t ^ ^(6 + t), <t <T — b. Thus for any 
s <t £ [0, T), ips{Kt \ Kg) is a hull in H w.r.t. oo, and its capacity in H w.r.t. 
oo is 2{t — s). 

3.2. Continuous LERW aiming at an interior point. We define an almost 
BI domain to be a finitely connected domain in EI that is bounded by M 
and mutually disjoint analytic Jordan curves in H. Let be an almost IHI 
domain, and p £ 0,. li K is a hull in HI w.r.t. oo such that K ci^\ {p}, let 
= V^k{^ \ K). Then Ox is also an almost H domain, and (pxip) G ^A'- 

For a > 0, let C([0,a]) be the space of all real- valued continuous functions 
defined on [0,a] with norm := sup{|^(t)| : < t < a}. For ^ G C([0,a]), 
let and (pf, <t <a, be chordal Loewner hulls and maps, respectively, 
driven by ^. UK^cn\{p}, we write ilf for 0^5. Define 

(3.1) 4{z) = G{Q\K^,p;-)o{^^,)~\ 

Since j| = G{Q,^,Lpf.{p);-) is positive and harmonic in \ {ipf{p)}, and 
vanishes on M, so it extends harmonically across M. Let 

= {d.dy/dy)4m) = d.dyjHm)/dyJhm)- 

We begin with a theorem. The proof is postponed to Section 5 in this paper. 
Theorem 3.1. For any A £ C([0, 00)) and A G M, the equation 

(3.2) ^{t) = A{t) + X fxids 

Jo 

has a unique maximal solution ^(t) = (,Ai't), <t < T4, where G (0,oo]. 
Here ^^maximaF means that the solution cannot be extended. Moreover, we 
have: 

(i) For any a G (0, 00), the set {A G C([0, 00)) : > a} is open w.r.t. the 
metric \\ ■ \\a, and A h-> is (|| • jj^, || • jj^) continuous on {A G C([0, 00)) : Ta > 
a}. 

(ii) There is no crosscut a in IH such that Uo<t<T^ ^ H{q) (lVt \ {p}. 

Suppose Z) is a finitely connected domain, wq is a prime end of D, and 
Ze £ D. There is / that maps D conformally onto an almost EI domain 0, 
such that f{wo) = 0. Let p = f{ze), B{t) be a Brownian motion, and ^(t), 
< t < T, be the maximal solution to (3.2) with A{t) = \/2B{t) and A = 2. 
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Let {J-^t} be the filtration generated by B{t). From Theorem 3.1(i), T is an 
{jT^j-stopping time, and (^(t)) is {J^(}-adapted. For < t < T, let 

(3.3) u{t)= f\dyJl{as))fds. 

Jo 

Let S = u{T), and F{t) = f'^iK^.^^^^), 0<t<S. In the next subsection, 
we will prove the following theorem. 

Theorem 3.2. For j = 1,2, suppose fj maps D conformally onto some 
almost H domain Vlj such that fj{wQ) = 0. For j = 1, 2, let pj = fj{ze), Bj{t) 
he a Brownian motion, and (t), <t <Tj, be the maximal solution to 

i.j{t) = V2B,{t) 

(3.4) 

+ 2 / {d,dy/dy){G{^,\Kl\pf,.)o{^'-^y^){i^{s))ds- 
Jo 

and let Uj{t), <t <Tj, be defined by 

u,{t) = fdy{G{n,\Kl\p,;.) o i4^y')iC^{s)fds. 
Jo 

Let Sj = Uj{T) and Fj{t) = K^{K^l^ ), < t < Sj , j = 1,2. Then (Fi(t), < 

J (t) 

t < Si) and {F2{t),0 <t< S2) have the same distribution. 

Thus the distribution of {F{t),0 <t < S) does not depend on the choice 
of /, and is conformally invariant. We call {F{t),0 < t < S) a continuous 
LERW in D from wq to Ze, and let it be denoted by LEKW{D;wo Ze). 
From the property of chordal SLE2 (cf. [15]) and Girsanov's theorem [11, 14], 
almost surely there is a simple curve 7(t) : [0,5) — > D such that 7(0) = wq, 
■y{t) £D for 0<t<S, and F{t) = j{{0,t]) for < i < 5, that is, F is the 
Loewner chain generated by 7. We call such 7 an LEHW{D;w() z^) trace. 

Remark. If D is a 1-connected domain, wq is a prime end of D and 
Ze S D, then an LE1{W{D;wq Ze) has the same distribution as a radial 
SLE2{D;wo Ze) up to a linear time-change. 

3.3. Conformal invariance. 

Proof of Theorem 3.2. For j = 1, 2, let Vj = uj^ and Lj{t) = K^ti^^y 

Then Fj{t) = f-^{Lj{t)), < t < Sj. Let W = f2 o /f \ Then W maps Qi 
conformally onto O2, W{0) = and W{pi) =p2. Let L2'(t) = W{Li{t)), < 
t < Si. It suffices to show that (L2'(t), <t<Si) has the same distribution 
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as (L2(t),0 < t < 32)- Let (3i(t) be the random simple curve that generates 
Li{t), that is, /3i(0) = 0, G < i < Si, and Li{t) = pi{{0,t]), 0<t< 
Si. Let 132' (t) = W{l3i{t)), 0<t<Si. Then /^a' is a simple curve, /32'(0) = 0, 
P2'{t) G C H, < t < 5i, and L2'(t) = /32'((0,i]), < t < ^i. Thus L2' is 
a Loewner chain in H w.r.t. 00. Let V2'{t) = hcap(L2'(i))/2, < t < 5i. Let 
T2' = V2'{Si) and U2' = w^^. Then from Proposition 3.2, L2'{u2'{t)) = K^^' , 
0<t<T2', for some 6' S C{[0,T2>)). 

Let {Tf } be the filtration generated by Bi (t) . Let 

Ri{t,x) = dy{G{ni \ Kt,pi; •) o {iph~'){x). 

From Theorem 3.1(i), (Ci(i)) and Ri{t,x) are .F^^-adapted, and Ti is an 
J^/-stopping time. Thus for < t < Ti, we have 

and 

u[{t) = Ri{t,^i{t)f. 
So there is another Brownian motion Bi{t) such that for < t < 5i, 

Note that W maps Qi \ Li{t) conformally onto 1^2 \ L2'{t). Let ^i{t) = 

ipi[^,^ini\Li{t)),n2'it)=v%^,)i^2\L2'it))s.^^ 

Then both 0,i{t) and 02'(i) are almost IHI domains, and Wt maps ^i{t) con- 
formally onto i}2'{t), and maps M onto itself. For t G [0, 5i) and e G [0, 5i — t), 
define Liit,e) = \ <\,)) and L2'(t,.) = ^Jj^^^ \ 

iT^^'^^P , Xhen hcap(Li (t, e)) = 2{vi (t + e)- vi (t)), hcap(L2' {t, e) = 2{v2' {t + 
e) — V2'{t))), and Wt{Li{ t,e)) = L2>{t,e). From Propositi on 3.2, we have 
{ii{vi{t))} = a>o^i(i,e)and {i2'{v2'{t))} = a>o^2'(i,e). Thus e2'(^'2'(t)) = 
W^t (6 (^'i (*)))• From Proposition 3.1, we have ^^/(i) = W/(6(^^l(^)))^^'i(0• 
Differentiate the equality Wt o ^p^^.-. = Qjf.^'^.N o W w.r.t. t. We get 

2Wli^^\Jz))v'At) 2v',(t) 

for any z ^ Qi\ Li{t). Since y'^^(^) maps Oi \ conformally onto ^i{t), 

so for any w G we have 

* *^ ' Wt{w)-Wt{(i{vim w-^i{vi{t))- 
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Let w — > Ci{vi{t)) in from Taylor expansion of Wt at Cii^iit)), we get 

dtWtiCiivim = -3Wl'{Ci{viit))Wiit) 

= -3Wl'{Cl{v,m/R,{v^{t),Cl{v^m'■ 

Since C2'(^2'(*)) = (*)))> so from (3.5) and Ito's formula [11, 14], we 

have 

d^2'{v2'{t))=dtWt{Uvimdt + Wi{UvimdUvi{t)) 
+ <(6(«i(t)))d(a(«i(i)))/2 



dBi{t) 



(3.6) 



Ri{vi{t),^i{vi{t))) 

^ W|iC^{v,m^,R,{v^it),C^iv,{t))) 
Ri{v,{t),^r{v,{tW 

+ a.H^.(6(.r(0))^t + ^JiM 

V2Ty/(6(.r(t))).^^^(^^ 



i?i(^^i(i),a(^^i(«))) 

-t^/(ei(7;i(t)))5,i?i(i;i(t),ei(i;i(t))) 



+ 2 



i?i(t'i(i), 6(^^1(0))' 



dt. 



Ri{vi{t)MMt))? , 
Since V'^^(j) maps ^li \ Li{t) conformally onto 0.i(t), so 

Ri{v,{t),x) = dy{Gin^ \ K^l^^yPi; •) o {^ll^^^)-'){x) 

=dyGmt),^i[^,^{p,y,-){x). 

Since Wt maps ^i{t) conformally onto 1^2' (^)> ^-^^ (v^^i (t) (^'i ) ) ~ V'f2'/(t)^^'2)' 
so 

G(ni(t), V.J;(,) (pi); •) = G(f^2'(0, V't W (^2); •) ° 

Thus 

i2i(t;i(t),x)=aj,G(02Kt),y'J^;(j)(p2);W^t(x))W^/(x); 
a.i^i {Vi (t) , X) = d,dyG{n2' (t) , J, (p2); T^t (x)) (t^/(x))2 



+ a,G(02'(t),y'J,(,)(P2);W^t(x)X(x). 
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Plugging these equalities into (3.6) and letting x = we get 



dyG{n2'{t),v>Zit)iP2y^^2'{v2'{tW 



d^dyG{n2'{t),^Za){P2);^2'{v2'm , 

■ 2 ^ ^ dt. 



Since 



(3.7) 



v'2'it) = Wl{C,{v,{t))fv[{t) 
Ri{vi{t),Uvi{t))f 



|,G(172'(t),V'?;,w(P2);6'(^2'(i)))" 



and G(n2Kt),^|:(,)(P2); •) = G(172 \ K^l^^yp^; •) o c^J^^^^^, so for < f < Ta-, 

= V2dB2'{t) + 2{d^dy/dy){G{VL2 \ Kt\p2; •) o ipi^'){C2'{t))dt 

for another Brownian motion B2'(t). Since ^2'(0) = ^o(Ci(0)) = VF(0) = 0, 
so for < t < T2' , 

^2'(i)=^^^2'(i) 

(3.8) 

+ 2 / (a,aj,/5^)(G(J72\K^',P2;-)o¥'i'')(e2'(s))^^5- 





We claim that ^2'(*)) < t < T2', is the maximal solution to (3.8). Suppose 
the claim is not true. Then it may happen that the solution ^2' extends 
to [0,T2/]. Note that W{oo) is a prime end on M other than W{0) = 0. 
We may find a crosscut a in HI such that C H(a) C ^^2 \ {^2}) and 

W{oo) ^ H{a). Then T^-^(a) is also a crosscut in M, and H{W~'^{a)) = 
W-^{H{a)) C ^i\{pi]. So W-^{kI^') C H{W~^{a)) for < t < Tg/, which 
implies that K^^ C i?(Vr~^(a)) for < t < Ti. This contradicts Theorem 
3.1(ii). So the claim is justified. 

Since ^2'(^)) < t < T21 [resp. ^2{t)-, < t < T2], is the maximal solution to 
(3.8) [resp. equation (3.2) when j = 2], and (i?2'(0) has the same distribution 
as {B2{t)), so (C2'(i)) < t < T2/) has the same distribution as (^2(^)5 <t< 
T2). From (3.7), U2' = f^^, and that U2'{0) = 0, we see that for < t < T2', 

U2' [t) = f dy{G{n2 \ kI'',P2; •) o 4'')iC2' {s)f ds. 
Jo 

Thus ((C2'(0; ^2'(i))5 < t < T2') has the same distribution as ((^2(0) ^2 (t)), < 
t < T2). Since L2>{t) = i^^l' , for Q<t<Si= U2'{T2'), and L2{t) = K^\,^, 
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for < t < ^2 = U2{T2), so (L2'(i))0 <t< Si) has the same distribution as 

(^2(t),0<t<52). □ 

3.4. Continuous LERW with other kinds of targets. Suppose D is a finitely 
connected domain, wq is a prime end of D, and /g is a side arc of D that 
is bounded away from wq. Then there is / that maps D conformahy onto 
an almost EI domain O such that f{wo) =0. If a hull in IHI w.r.t. oo is 
bounded away from f{Ie), and K cQ, then /(/e) is a side arc of ^l\K. We 
have the harmonic measure function H{i} \ K, f{Ie)', •)• 

Now we change the definition of by replacing G{Q \ Kf,p; •) by H{i} \ 
Kfj{Ie);-) in (3.1), and still let = {d^^dy / dy) j({i{t)) . Let everything 
else in Section 3.2 be unchanged. Then Theorem 3.1 still holds if the con- 
dition on a is replaced by that q is a crosscut in IHI such that H{a) C 
and H{a) is bounded away from f{Ie)- Let u{t) be defined by (3.3). Then 
(F(t) = /"Hi^:^_i(j)),0 < t<S = u{T)) is called a continuous LERW in D 
from Wq to /e> and is denoted by LERW(-D;i/;o le)- It is almost surely 
generated by a random simple curve, which is called an LERW(Z);i(Jo — > le) 
trace. The variation of Theorem 3.2 for LERW(-D; wq le) still holds. Thus 
the distribution of LEWN{D;wo — > le) does not depend on the choice of /, 
and is conformally invariant. 

Suppose D is a finitely connected domain, wq and We are two different 
prime ends of D. There is / that maps D conformally onto an almost EI 
domain such that /{wq) = 0. Then p := f{we) is a prime end of 0, other 
than 0. If a hull i^T in EI w.r.t. oo is bounded away from p, and K cQ, then 
p is a prime end oi fl\K. 

A normalization function is a function h that maps a neighborhood U of 
p in il. conformally onto a neighborhood y of in EI such that h{p) = and 
h{U n dD) C M. There is a unique generalized Poisson kernel P{z) in Q\K 
with the pole at p such that the principal part of P o h~^{z) at is Im 
Let P(0 \ K,p, h; z) denote this function. 

Now fix a normalizing function h. Change the definition of j| by replac- 
ing Gin \ K^,p; •) by P{n \ K^p, h; •) in (3.1), and still let x| = {d^dy/dy) 
jf{^{t)). Let everything else in Section 3.2 be unchanged. Then Theorem 
3.1 still holds if the condition on a is replaced by that a is a crosscut in 
EI such that H{a) C 0,, and H{a) is bounded away from p = f{we). Let 
u{t) be defined by (3.3). Then {F{t) = f-\Kl_,^^^),0 <t<S = u{T)) is 
called a continuous LERW in D from wq to We, normalized by h, and is 
denoted by LEBW{D;wo — > We)- It is almost surely generated by a random 
simple curve, which is called an LERW(D; wq — > We) trace normalized by 
h. The variation of Theorem 3.2 for LERW(Z?;'u;o — > We) holds with sim- 
ple modification: (Fi(t),0 < t < Si) and {F2{t/a'^),0 < t < a^S^) have the 
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same distribution, where a = (/i2 o /iJ^^)'(O) and hj, j = 1,2, are normaliza- 
tion functions. Thus the distribution of LERW(-D; wq — > We) up to a hnear 
time-change does not depend on the choices of / and h, and is conformally 
invariant. 

Remark, (i) If is a 1-connected domain, and wq ^ Wg are two prime 
ends of D, then an LERW(-D; — > Wf.) has the same distribution as a 
chordal SLE2(-D;'Wo We) up to a linear time-change. 

(ii) If D is a 1-connected domain, wq is a prime end of I?, and /g is a 
side arc of D that is bounded away from wq, then an LERW(L'; icq — > le) 
has the same distribution as a strip or dipolar SLE2(-D; Ig) (cf. [2, 21]) 
up to a hnear time-change. 

(iii) If D is a 2-connected domain, wq is a prime end of D, and Jg is a side 
of D that does not contain wq, then an LERW(D;wo le) has the same 
distribution as an annulus SLE2(-D; — > -^e) (cf. [20]) up to a deterministic 
time-change. 

4. Observables generated by martingales. 

4.1. LocaZ martingales for continuous LERW. Suppose D is a finitely 
connected domain, z^. G D, and wq is a prime end of D. Let 7(t), < t < S, 
be an LERW(-D; z^) trace. So 7 is a simple curve in D with 7(0) = wq 
and 7(t) G L> for < t < S*. For <t < S, let Pt be the generalized Poisson 
kernel in D \ 7((0,t]) with the pole at 7(i), normalized by Pt{ze) = 1. 

Theorem 4.1. For any fixed z £ D, {Pt{z)) is a local martingale. 

Let be an almost IHI domain, and p £ Q. If K is a hull in H w.r.t. 00 
such that K cil,\ {p}, let P{K, x, •) be the generalized Poisson kernel in 
with the pole at x, normalized by P{K,x,ipK{p)) = 1- Suppose G C{[0,T)) 
satisfies [jo<t<T ^ n \ {p} . We write P^(t,-,-) for P{Kf,-,-), t€[0,T). 
It is standard to check that P^ is C^'^''^ differentiable, where "/i" means 
harmonic. 

Lemma 4.1. For any t e [0,T) and z £ ft\Kf , we have Vt{z) =0, where 



Here di and 82 are partial derivatives w.r.t. the first two (real) variables, 
and ds^z = {d3,x — id3^y)/2 is the partial derivative w.r.t. the third (complex) 
variable. 



Vtiz) = diP^it, (2)) + 2d2PHt, at), 4 {z))xf 

+ 9ii'^(t,e(t),(^^(z)) + 2Ref53,.P«(t,e(t),(/;?(z))- 
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Proof. For t G [0,r) and z£dn\R, since ipl{z) E \M, so P^{t,x, 
ipf{z)) = for any x G M, which impHes that = Sf-P^ = at {t, x, (f^{z)), 
and 

diP^{t,x,4{z)) + 2Re(ds,,PHt,x,^i{z))- ^ ) =0. 

Thus Vt vanishes on 50 \ M for t G [0,r). Let Wt = Vt o (ifl)-^ . Then Wt 
vanishes on dnf \ M for t G [0,r). Note that for t £ [0,T) and w £ nf, 

Wt{w) = diP^{t,m,w) + 2d2PHt,m,w)xl 

+ d^2PHt,m,w) + 2Re(d3,zPHt,m,w) 



w-mJ' 

Since P^{t,^{t),-) vanishes on M\{^(t)} and is real on M\{^(t)}, so 

Wt vanishes on M \ {^(i)}- As it; ^ oo in H, di, 82, ^^^'^ ^3 z of 

2 

\{m}- 



{t,£,{t),w) all tend to 0, and tends to as weh. Thus Wt vanishes on 



Suppose for some c{t,x) G M, Im^^^^ is the principal part of P^{t,x, 



w 



at X. So there is some analytic function F{t,x,-) defined in some neigh- 
borhood of X such that in that neighborhood, P^{t,x,w) = lm(F(t,x,w) + 



^i^^). Then we have 

w—x ' 



diP^ {t, = im (^d,F{t, + ^^z^) ■ 



+ 



d^2PHt,m,w)=^^(diF{t,m,w) 



dic{t,m) 



+ 



and 



Thus Wt equals the imaginary part of 
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+ ^2-'^ \t,C,[t),W) H — — 1- TTTVTo- + 



+ 



2F'{t,at),w) 2c(t,e(t)) 

= diF{t, + 2d2F{t, m,w)xf 

+ 02F{t,(,{t),W) H -r-r + 



for some functions Ai{t) and ^2(^5 where ^2(t) = 2c(t, + 252c(t, ^(t)). 

Since jf = 0(0,^, ^\{p)] ■), so for x S M, dyJ^{x) equals the value at ft{p) 
of the (usual) Poisson kernel in with the pole at x. Note that P^{t,x,-) 
equals some constant times the Poisson kernel in ^if with the pole at x, of 
which the principal part at x is Im ■ So we have 

dyjfix)/{-l/7T) = P^{t, X, 4{p))/c{t, X) = 1/C{t, X). 

Thus c(t, x) dyjf{x) = — l/vr for any x G M, which implies that 

= c(t, m) d. dyjfm) + d2c{t, m)dy4m)) = Mt) dyjfm)/'^- 

So A2{t) = 0, and Wt equals the imaginary part of some analytic function 
plus near £,{t). Since Wt is harmonic in fif, and vanishes at every 

prime end of nf other than ^(t), so Wt = C{t)P^{t, C(t), •) for some C{t) G M. 
From P^{t, x, (ftip)) = 1 for any t £ [0, T) and x G M, we get Wti^Ptip)) = 0. 
So for t G [0,T), we have C{t) = 0, which implies that Wt vanishes on Oj, 
and so Vj vanishes on \ K^. □ 



Suppose / maps D conformally onto an almost HI domain Q such that 
f{wo) = 0. Letp = f{ze). Let t;(t) = hcap(/(7((0,t])))/2, 0<t<S. Let T = 
v{S), and u be the reversal of v. Then f{'y{{0,u{t)])) = Kf, <t <T, where 
^ G C([0,r)) solves equation (3.2) with A = 2 and A{t) = y/2B{t) for some 
Brownian motion B{t). Since ° f maps D \ f{'y{{0,u{t)])) conformally 
onto of, Iff o f{'y{u{t))) = ^(t) and ip^ o f{ze) = ip\{p), so from the conformal 
invariance, Pu{t) ° ° (v't is the generalized Poisson kernel in Vt\ with 
the pole at ^(t), whose value at (p\{p) is 1, that is, 



(4.1) 



Puit)<=r'<^{4r' = p^{t,mr)- 
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Proof of Theorem 4.1. Let Qt{z) = P^t,^{t),(pl{z)) for zen\K^. 
From Ito's formula, (Qt{z)) is a semimartingale, and the drift term equals 
Vt{z), which vanishes on Q\Kf by Lemma 4.1. Thus {Qt{z)) is a local 
martingale for any fixed z gQ,. From (4.1), Pt{z) = Qv(t)if{z)) foi' z £ D. 
Since f{D) = Q, and a time-change preserves a local martingale, so {Pt{z)) 
is a local martingale for any fixed z £ D. 

Second, we consider an LERW(D; le) trace: 7(t), < t < 5, where 
wq is a prime end of and /g is a side arc of D. Let Pt be the gener- 
alized Poisson kernel in D\7((0,t]) with the pole at 7(t), normalized by 
Jj^dnPt{z) ds{z) = 1. Here the equality means that if g maps a neighbor- 
hood U of le in D conformally into C such that g{Ie) is an analytic arc, 
then dniPto 9~^)iz) ds{z) = 1, where n is the unit normal vector point- 
ing inward, and ds is the length of the curve. In fact, the value of the integral 
does not depend on the choice of g. 

Suppose / maps D conformally onto an almost H domain Q such that 
fiwo) = 0. Let J = f{Ie)- If C and is bounded away from J, let 
P^{t,x,-) be the generalized Poisson kernel in Q,^, with the pole at x, normal- 
ized by /(^€(j) dnP^{t,x, z) ds{z) = 1. Then Lemma 4.1 holds in this setting, 
and the proof is similar. Formula (4.1) still holds, so we have Theorem 4.1. 

Third, we consider an LEWN {D;wo — > We) trace: 7(t), < t < S, where 
wq 7^ We are prime ends of D. Fix g that maps a neighborhood U of We in 
D conformally onto a neighborhood y of in HI such that g{we) = and 
g{U CidD) C M. Let Pt be the generalized Poisson kernel in D\j{(0,t]) with 
the pole at j{t), normalized by dy{Pt ° g~'^){^) = 1- 

Suppose / maps D conformally onto an almost IHI domain Vt such that 
/{wq) = 0. Let p = f{we)- If C il, and is bounded away from p, let 
P^{t,x,-) be the generalized Poisson kernel in J7j , with the pole at x, normal- 
ized by dy{P^{t, x,-)o f o g~^)[0) = 1. Then Lemma 4.1 holds in this setting, 
and the proof is similar. Formula (4.1) still holds, so we have Theorem 4.1. 
□ 

4.2. Discrete approximations. Let D be a finitely connected domain. 
Suppose G dD, and there is some 6d > such that the half open line 
segment [6d,0) is contained in L). As z — > along [(5d, 0), z tends to a prime 
end of D. We use 0+ to denote this prime end. 

For (5 > 0, let = {{j + ik)5 ■.j,k£Z}c C. We also view 5Z^ as a graph 
whose vertices are (j + ik)5, j,k £ Z, and two vertices are adjacent iff the 
distance between them is 6. We define a graph that approximates D in 
(5Z^ as follows. The vertex set V{D^) is the union of interior vertex set Vi{D^) 
and boundary vertex set VaiD^), where Vi{D^) ■.= 5I?nD, and Vd{D^) is 
the set of ordered pairs {z\,Z2) such that zi E Vi{D^), 22 G dD, and there is 
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Z3 G bl?' that is adjacent to z\ in bl? ^ such that [21,^2) C [2:1,23) n L*. Two 
vertices w\ and W2 in V[t)^) are adjacent iff either wx^W'i G ViiD^)^ w\ and 
W2 are adjacent in 81? ^ and [?/;i,u;2] C D; or for j = 1 or 2, Wj S yf(l)^) and 
tfa-j = {wj,z^) G Va(Z)^) for some E 91). 

Every interior vertex of has exactly four adjacent vertices, and every 
boundary vertex w = (21,22) has exactly one adjacent vertex, which is the 
interior vertex zi. So is locally finite. If (21, 22) is a boundary vertex, then 
it determines a boundary point, which is 22, and a prime end of D, which 
is the limit in D as 2 — > 22 along [21 , 22 ) . If there is no ambiguity, we do 
not distinguish a boundary vertex from the boundary point or jjrime end it 
determines. Suppose 6 G (0, 5d\ ■ Then 5 is an interior vertex of , and {5, 0) 
is a boundary vertex of . A random walk on started from an interior 
vertex wq up to the first time it leaves D agrees with a random walk on 
81? started from wq up to the first time it uses an edge that intersects dD. 
Let be the connected component of that contains 6. Let Vi{D^) := 
V{D^) n Vi{b^) and Vd{D^) := V{,D^) n Va(£)^) be the set of interior and 
boundary vertices, respectively, of . 

Fix Ze & D\ {00}. Let be the vertex in 61"^ that is closest to Ze- If such 
vertex is not unique, we choose the one that maximizes Re 2 + vr Im 2 to break 
the tie. Suppose 6 G (0, (5/)] is small enough. Then there is a lattice path on 
that connects 5 with w^, which does not pass through any boundary vertex. 
So tfg is an interior vertex of . Let F = {w^} and E^i = Vq{D^). From the 
recurrence of the random walks on , we know that EU F is reachable in 

. Let {qs{0), . . . ,q5{xs)) be the LERW on started from 6 conditioned 
to hit F before E^i. So qs{0) = S and qs{xs) = w^- Let qs{—l) = 0. Extend 
qs to [— 1,X(5] such that qs is linear on [k—l,k] for each k G l^Q^y^^]. Then qg 
is a simple curve in D U {0} that connects and w^. 

Since F contains only one point, we may define gk as in Proposition 2.1. 
Then for any fixed vertex vq on , {gk{vo)) is a martingale up to the time 
qs{k) is next to or := E^i U {^^(O), . . . ,qsik)} disconnects Vo from Ze- 
Note that vanishes on E^ \ {qs{k)}, is discrete harmonic at every interior 
vertex of except qs{0), . ■ . ,qs{k), and gki^f) = 1. For < < — 1, let 
Dk = D \ qs{[—l, k]). Then qs{k) corresponds to a prime end of Dk- When 6 
is small, the function gk approximates the generalized Poisson kernel Pk in 
Dk with the pole at qs{k), normalized by Pk{ze) = 1. Note the resemblance 
of the discrete martingales preserved by (discrete) LERW and the local 
martingales preserved by continuous LERW. Suppose 70 (i)) < t < Sq, is 
an LERW(-D; 0+ — > Zg) trace. In the last several sections, we will prove the 
following theorem. Note that we do not require that the boundary of D is 
good. 

Theorem 4.2. (i) Suppose U is a neighborhood 0/ 0+ in D. Then for 
any e > 0, there is 6q > such that if 6 < 6q, then there are a coupling of 
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qs and 70, and a continuous increasing function u that maps {—1,X5) onto 
(0, 5o) such that 

V[sn^{\qs{u-\t)) - 7o(t)| :rc/(7o) < t < 5o} < e] > 1 - e, 

where Tu{'Jq) is the first time that 70 leaves U. 

(ii) If the prime end 0+ is degenerate (see [13] J, then (i) holds with 
"^[7(70) < t" replaced by "0 < t." 

Now suppose We S dD \ {0} satisfies We G 5e^^ for some Se > 0, and dD is 
flat near Wg, which means that there is r > such that Dr]{z €C:\z — We\ < 
r} = {we + aM) r\ {z £ C:\z — We\ < r} for some a G {±1, ±i}. For 6 > 0, let 

= We + iaS. 

Let M. be the set oi 6 > such that We G If (5 G is smah enough, 
then {w^,We) is a boundary vertex of , which determines the boundary 
point and prime end Wg, and there is a lattice path on that connects 6 
with We without passing through any other boundary vertex. Here we do not 
distinguish We from the boundary vertex {we,We)- Let F = {we} and = 
Va{D^)\F. Then EUF = V3{D^) is reachable in . Let {qs{oi ■ ■ ■ ,qs{xs)) 
be the LERW on started from 6 conditioned to hit F before E^i. So 
qsiO) = 5 and qsixs) = ^e- Let qs{—l) = 0. Extend qs to be defined on 
[— 1,X<5] such that qs is linear on [k — l,k] for each k G Zp^-^^j. Then qs 
is a simple curve in D U {0,We} that connects and We- 

Let /ifc be as in Proposition 2.1. Then for any fixed vertex vq on , 
{hk{vo)) is a martingale up to the time when qs{k) = We or E^ = E^i U 
{55(0), . . . , ^^(/c)} disconnects vq from Wg. Let = D\qs{[—l,k\). Then 
^^(fe) is a prime end of Dk- Note that hk vanishes on qs{—l), . . . ,q5{k — 1) 
and all boundary vertices of , is discrete harmonic at all interior vertices of 
except ^^(O), . . . , ^^(A;), and hk{We) = 1. So when 6 is small, 6 ■ hk is close 
to the generalized Poisson kernel in D^. with the pole at qs{k) normalized 
by dnPk{we) = 1. Suppose 7o(t), < t < S, is an LERW(D; 0+ Wg) trace. 
Then Theorem 4.2 still holds for qs and 70 defined here if we replace "(5 < Jq" 
by "5G7W and 5<(5o." 

Now suppose le is a side arc of D that is bounded away from 0+. Let 
be the set of boundary vertices of which determine prime ends that lie 
on le- If (5 is small enough, /f is nonempty, and there is a lattice path on 
that connects 6 with without passing through any boundary vertex 
not in /f . Then we let F = and E^i = Va{D^) \ F. Let {qs{0), . . . , qsUs)) 
be the LERW on started from 5 conditioned to hit F before E-i. So 
qs{0) = 5 and qs{xs) G le- 

Let /ifc be as in Proposition 2.1. Then for any fixed vertex vq on , 
{hk{vo)) is a martingale up to the time qs{k) is close to le or E^ := E^i U 
{qs{0), ■ ■ ■ , Qsik)} disconnects vq from /g. Note that h^ vanishes on qs{—l), . . . , 
qs{k — 1) and all boundary vertices of , hk is discrete harmonic at every 



SCALING LIMITS OF PLANAR LERW 



21 



interior vertex of except qs{0), . . . ,qs{k), and J2vei^ ^hk{v) = 1. So when 
S is small, the function seems to be close to the generalized Poisson kernel 
Pfc in Dfc with the pole at qs{k) normalized by Jj d^Pkiz) ds{z) = 1. 

If Ig is a whole side of D, then Theorem 4.2 still holds for qs and 70 defined 
here. If /g is not a whole side, for the purpose of convergence, we may need 
some additional boundary conditions. Suppose the two ends of 1^ correspond 
to w\,w1 € (9-D, near which dD is flat, and w].,w1 G (5eZ^ for some 5e > 0. Let 
M be the set of 5 > such that w\,wl^ SI? . Then Theorem 4.2 stiU holds 
for q^ and 70 defined here if we replace "5 < (5o" by "(5 G M. and 8 < Jq-" 

5. Existence and uniqueness. In this section we will prove Theorem 3.1. 
The proof is somehow similar to that of the existence and uniqueness of the 
solution of an ordinary differential equation. 

5.1. Convergence of domains. 

Definition 5.1. Suppose Dn is a sequence of domains and D is a do- 
main. We say that (Dn) converges to D, denoted by D„ '^^^ D, if for every 
z £ D, dist*(z, S^L'n) dist*(z, This is equivalent to the follow- 
ings: 

(i) every compact subset of D is contained in all but finitely many D^s; 
and 

(ii) for every point zq G d^D, dist'^{zo, d'^Dn) ^ as n — > 00. 

A sequence of domains may converge to two different domains. For ex- 
ample, let Dn = C \ ((— cx),n]). Then Dn H, and Dn ^— — H as well. 
But two different limit domains of the same domain sequence must be dis- 
joint from each other, because if they have nonempty intersection, then one 
contains some boundary point of the other, which implies a contradiction. 

If only condition (i) in the definition is satisfied, then for any z £ D, 

dist*{z,d*D) < liminfdist#(z,5#L>„). Thus Dn nD^ D. If Dn^ D, 

En ^^—5 E, and zq £ DnE. Let Fn (resp. F) be the connected component of 
DnCiEn (resp. DDE) that contains zq. Then for any z € F, dist*(z, d^Fn) = 
dist#(2, d*Dn) Adist*{z, d*En) for each n, and dist#(z, d*F) = dist#(z, d*D) A 

disi*{z,d*E), which implies Fn^F. Thus if D„ En^E, Dn C 

En for each n, and D f] E ^ , then we have D C E. 

Suppose Dn '^^^ D, and for each n, /„ is a C-valued function on Dn, 
and / is a C-valued function on D. We say that converges to / locally 
uniformly in D, or fn — — > / in D, if for each compact subset F of D, /„ 
converges to / in the spherical metric uniformly on F. If every is analytic 
(resp. harmonic), then / is also analytic (resp. harmonic). 
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Lemma 5.1. Suppose Dn^^^—^D, fn maps Dn conformally onto some 

domain En for each n, and /„ f in D. Then either f is constant on 
D, or f maps D conformally onto some domain E. And in the latter case, 

En^E and /"^ ^ /"^ in E. 

This lemma is similar to Theorem 1.8, the Caratheodory kernel theorem, 
in [13], and the proof is also similar. When applying this lemma, we will 
usually first exclude the possibility that / is constant, and then obtain the 
convergence of the image domains and the inverse functions. 

5.2. Topology on the space of hulls. If is a nonempty hull in IHI w.r.t. 
oo, then PlM is nonempty. Let an = inf(ff PlR) and bn = sup(i?nM). Let 

^H = C\{HU{z:z€H}U [an, 6//]). 

By the reflection principle, ipn extends to S/f, and maps J^h conformally 
onto C \ [cH,dH] for some c// < d// € M. Moreover, ipn is increasing on 
(— oo,a//) and (6i^,+oo), and maps them onto {—oo, ch) and {dH,+oo), 
respectively. So (pj^ extends conformally to C\ [cHjdfj]. And [cHjdu] is the 
smallest in the sense that if ipjj extends conformally to C \ / for some closed 
interval /, then [cHjdn] C I. If H = 0, we do not define aH,bH,CH,dH, 
but still use the notation [00,60] and [00,^0] to denote empty sets. Then 
T,0 = C, so it is true that ip^ maps S0 conformally onto C \ [00,^0]. 

If 7 is a crosscut in H, we define -^(7) to be 7 unions the bounded 
component of H \ 7. Then -ff (7) is a hull in H w.r.t. 00. We call it the hull 
bounded by 7. If yl C Hi'j), then we say 7 encloses A. If A C -^(7) and 
^□7 = 0, then we say 7 strictly encloses A. For simplicity, we write 
instead of x^^^^ when x is one of the following symbols: a,b,c,d,Ti,ip. 

Since d{Il \ H{'j)) = (M \ (a^, b^)) U 7 is a simple curve, so tp^ extends to 
a homeomorphism of M\H{^), and maps 7 onto [c.^,d^]. So ffj]^^) has a 
continuous extension to HUM, and maps {cyjd-y) onto 7. From the results 
about Poisson kernel, we have 

' Jc^ z-x vr 

for any z G S^. From the behavior of near 00, we have f'^'^ \Ta.ip~^{x) jix dx - 

hcap(iif (7)). If is a general nonempty hull in H w.r.t. 00, then kp~^ may 
not have continuous extension to [c/f,d/f]. We may use a sequence of hulls 
bounded by crosscuts to approximate H . Then we conclude that there is a 
positive measure iiu supported by \cu,du\ with total mass 1/2^1 = hcap(-ff) 
such that for any z S Sj^, 

-1 -1 
(5.1) ipfj{z)-z= -^—dfinix). 
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Example. Suppose xq G M and ro > 0. Let a = {z G H: |z — xo| = tq}. 
Then a is a crosscut in H, H{a) = {z G H: |z — xq\ < tq} and [aa,&Q,] = 

2 

[xq — ro,xo + tq]. It is clear that ipa{z) = z + Thus hcap(if(a)) = Tq 

and [ca,da] = [xQ-2rQ,XQ + 2rQ]. 

Lemma 5.2. If H is a nonempty hull in IHI w.r.t. oo, then Lp'J^{x) > x 
for any x G (— oo,Ci^); ip'J^{x) < x for any x G {dH-,+oo); ^ph{x) < x for any 
x G (— oo,a/f); (Ph{x) > x for any x G {bn, +oo). So if H is any hull in M 
w.r.t. oo, then [aH,bH] C [chjcIh]. 

Proof. This follows from (5.1) and that ipH maps (— oo, an) and {bH,+oo) 
onto {—oo, ch) and {cIh, +oo), respectively. □ 

If Hi C H2 are two hulls in H w.r.t. 00, we call Hi a sub-hull of H2. 
Then H2/H1 := (pHi{H2 \ Hi) is also a hull in BI w.r.t. 00. We call H2/H1 a 
quotient-hull of H2. It is clear that ipH2 = VH2/H1 ° VHi - Thus hcap(i72) = 
hcap(-fr2/^i) -|- hcap(-ffi), and so hcap(ffi), hcap(-?/2/-f^i) < hcap(//2)- 

Lemma 5.3. If Hi C H2 are two hulls in IHI w.r.t. 00, then [cHi,dHi] C 
[cH2,dH2] and [cu^/H^^dH^/H,] C [cH^^dn^]- 

Proof. If Fi = or Hi = H2, then H2/H1 = H2 or H2/H1 = 0, so it 
is trivial. Now suppose ^ i/i ^ H2. Then H2/H1 7^ 0. Since (/^"^^^^(z) = 

if Hi o (■^) G HI, (fjj^^ maps C \ [ch2 1 dH2] onto Sj/j , and fHi extends 
conformally to T,Hi 3 ^H2^ so 'PJjI/h-^ extends conformally to C \ [cH2,dH2]- 
From the minimum property of [cH2/Hi,dH2/Hi], we have [c^a/Hi , ^Ha/Hi] C 

If X G (—00,0^2)1 then ipH2{x) G (— 00,07/2) C (— 00, C/Zj/^/J. Since 
fnl/Hii^) >x on {-oo,CH2/m), so ipH,{x) = ip'^^^^ °^H2{x) > VH2{x) on 
(— 00,0/^2) ■ Thus 

CHi = sup 93^1 ((-00, a// J) > sup if Hi {{-00, a H2)) 

> sup ipH2{{-00, OHi)) =CH2- 

Similarly, we have dni < d_ff2- Thus [cHi,dHi] C [ci/-2 5f^//2]- 1^ 

Corollary 5.1. If Hi C H2 C H3 are hulls in M w.r.t. 00, then 
hcap(i72/-H'i) < hcap(i73) and [cH2/Hi,dH2/Hi] C [c/Zsidj/g]. We call H2/H1 
a sub- quotient-hull of H3. 

Let H he a nonempty hull in IH w.r.t. 00. Let 'H{H) denote the set of all 
sub-hulls of H . Let 7isq{H) denote the set of all sub-quotient-hulls of H. If a 
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is a crosscut in H, we write 7i{a) for 7i{H{a)), and 7isq{a) for 7isq{H{a)). 
Choose (i> 0. Let a = {z G C: |z - (c^ + di^)/2| = \dH - CH\/2 + d}. Then 
a is a Jordan curve that encloses [ch , dn] , and d is the distance between a 
and [cHjdn]- Suppose K G 7isq{H). Then [ci^,(iii'] C [cH,dH]- If hes on or 
outside a, from (5.1), 

\ip]^^{z) — z\ < Ifixl/d = hcap(A')/d < h.cap{H)/d. 

If z G C \ [cK,dK] hes inside a, then (/^^^"^(z) hes inside (pj^{a). Choose w G a; 
then 

< diam(a) + hcap(-?/)/(i + diam((^]^^(Q)) 

< 2|dH -chI +4d + 3hcap(i/)/d. 

Let d = ^yhcap{H) and Af// = 2|(i// — ch \ + 7\/hcap{H). Then for any z G 
C \ [cKjdx], l^K^iz) — z\ < Mh- Since ip]^^ maps C \ [cKjdx] onto so 
for any z G Sx> [^^(-z) — -zl !^ Af//. Since C \ [cKjdx] D C \ [cHjdn], so 
{if]^^ (z) — z:K £ 7isq{H)} is uniformly bounded in C \ [c//, djy] by Mh, and 
so is a normal family. 

Let W denote the set of all hulls in H w.r.t. oo. Choose a sequence of 
compact subsets of H such that C int-F„,+i for each n G N, and 

U„ F„ = H. We may define a distant function on 7i such that 

°^ 1 / \ 
dniHi,H2) = Y.-[lA sup - . 

n.=l ^ ^ 
?^ 'hi. 

We use — > to denote the convergence w.r.t. d-H. It is clear that Hn — > H iff 
f^l^ — ^ y?^^ in H. So the topology does not depend on the choice of (Fn). 

From Lemma 5.1, if Hn H, then M \ Hn H \ i7 and cpH^ 
^PH mm\H. However, M \ i/„ ^ M \ does not imply if„ ^ H. For 
example, let = {z G M : |z - 2n\ < n} for 7i G N. Then M \ i7„ ^ M = 
H \ 0, but ipHni^) = z + V? I [z — 2n) z = (p0{z). And Hn H does not 
imply TiHn ^H- For example, let Hn = {z £ M:\Ke z\ < l,Imz < 1/n} 
for n G N. Then Hn ^ 0, but Sh„ \ [-1, 1] / C = S0. 

Suppose iifn H, Kn — ^ -fi' and Kn C for each n. Then H \ Hn ^ 
EI\F, M\if„ ^H\iC and]H\i7„ cM\i^„ for each n. Since (IH\i?) n (]H\ 
iT) = M \ U 7^ 0, so H \ C H \ Thus C i?. Let Ln = Hn/Kn 
for each n and L = K/H. Then Lp~j^^ = ipK„ ° fjl^ and (^^^ = (fK o 'Z'//"^- 

Since 99]^^ 99 j^"^ in H, and (pK^ inIHI\i^'D]HI\// = (H), so 

ifll ^ ipl^ in M. Thus L„ ^ L, that is, Hn/Kn H/K. 
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Lemma 5.4 (Compactness). 'H{H) and7isq{H) are compact. Moreover, 
we have: 

(i) Suppose {Kn) is a sequence in '1~L{H^, then it has a subseQuence i^L^i) 
that converges to some K G 'H{H) w.r.t. d-^, and ipj^l —* in C \ [c// , d//] , 

T.Lr^\[aH,bH]^^K\[aH,bH], and ^Pl„ in \ [a/f, 6//]- 

(ii) Suppose (Kn) is a sequence in 7isq{H); then it has a subsequence 

(Ln) that converges to some K £ Ti.sq{H) w.r.t. d-H, and ip]^^ ip]^^ inC\ 
[cH,dH], T,L„ \ [cH , dn] ^ T^k \ [c^ , d//] , and ipL„ ^Pk inT^xX [ch , dn] ■ 

Proof, (i) Since {(fj)^{z) — z : n G N} is uniformly bounded in C \ 
[cHjdn], so (Kn) has a subsequence (L„) such that (f^li^) — z converges 
to some function / locally uniformly in C \ [cHydn]- Then < M for 

any z £C \ [ch, dn] - Let g{z) = f{z) + z for z G C \ [c//, d/^]. Then 99^^ g 
in C \ [cHjdn]- There are zi, Z2 £ C \ [c//,d//] with \zi — Z2\ > 2M . Then 
\g{zi) - g{z2)\ > \zi - Z2I - 15(21) -zi\- \g{z2) - Z2I >2M-M-M = 0. So 
g is not constant. From Lemma 5.1, g' is a conformal map. Since for each 
n,IlDipll{m)=Il\LnDM\H,soIlD g{m) Dm\H. Let K = m\ g{M). 
Then K £ 7i{H), and g maps HI conformally onto M\K. Since ip^l (z) — z = 
0{l/z) as z ^ CO, so g{z) — z = 0{l/z) as z — > 00. Thus g{z) = (f]^^{z) for 

z £C\[cH,dH]. So ipll ip]^^ in C \ [cH,dH]. Especially, ip^l ^ ip~^ in 
H. So iiT is a subsequential limit of {Kn). Thus 'H{H) is compact. 

For L£n{H), let := SL\[aH,6//], := ^L\[cH,dH]. Then Si C S^, 
and 

(5.2) = (H\L)U{zGC:zGM\L}U(-oo,aiy)U(6iy,+oo), 

(5.3) S| = (M \ L) U G C : z G H \ L} U (-00, ch) U (dn, +00), 

because (C\Si)nMc [0^,6^] C [0^,^ C [cH,dH]- So from H\L„ 

K, we have S'^^^ for j = 1, 2. From Lemma 5.1, ip'j^^^{C\ [cH,dH]) ——* 

ip^{C \ [cH-,dH]) and ipL^ ^ ipx in '/'^^(C \ [ci/,dj/]). Note that v?^^(C \ 

[ci/,(iff]) D where the inclusion follows from Lemma 5.2. Thus ipi^ 
ipK in Sl^. 

Since \ipLn i^) — z\ < M for all n G N and z G S^^, and S^^^ C S^^, so every 
subsequence of {^l„) has a subsequence that converges to some analytic 
function h locally uniformly in S^. Since ipL„ — — > in C S)^, so h 
agrees with ipx on Since they are both analytic, so h agrees with ipx 
on S)^. Since all subsequential limits of ipL^^ in are the same function 

ipK, so ^ in T,]^ = T.k \ [an, bn]- 
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(ii) Suppose Kn = Kn/^n with C C H. From (i), has a sub- 

sequence {Ln = L1^/L\) such that — > for some G T-i{H), j = 1, 2. 
Since L\ C for each n, so Jf^ C i^^. Let K = K'^/K^. Then K £ TisqiH), 

and L„ = Ll/Ll K^/K^ = K. So K is a subsequential hmit of {Kn). 
Thus 7isq{H) is compact. 

Since {99^^ (z) — z : n E N} is uniformly bounded in C \ [cHjdn], so every 
subsequence of {^il) has a subsequence which converges to some h locahy 
uniformly in C \ [c//,(i//]. Then h agrees with (f^^ on H. Since they are 
both analytic in C \ [cH,dH], so h agrees with (pj} on C \ [cHjdn]- Thus 
("PlI ) ^ V'if^ in C \ [CH ,dH]. 

For L e HsqiH), we define s{, j = 1,2, as in (i). Then (5.3) still holds 
because [0^,6^] C [cl,^^] C [cH,dH], but (5.2) does not because [clj^l] C 

[aH,bH] may not be true. A similar argument gives that ipL„ —^^k in 

j:l = ^K\[cH,dH]. □ 

5.3. Lipschitz conditions. Suppose ^ G C( [0, a]) for some a > 0, and € 
7i{a). Then for each t G [0,a], 99^ = 92 ^c, and ET^^ G 7i{a). For < ii < t2 < 

a, let = Then K^^^^ G Wsq(«) and tp^, = ip^ o (^«J-i, 

= V^ti ° i^fi)'^- Since ^(ti) G kI ^^, so 

C(ti) G [a^e ] C [c^e ]c[ca,da]. 

'l.*2 'l''2 *1>*2 *1''2 

This holds for any ti G [0,a). Since ^ is continuous, so we also have ^(a) G 

[Cq. , da] . 

Lemma 5.5. Suppose oq and ai are crosscuts in H, and aQ is strictly 

enclosed by ai. Then there are 5,C > such that if (^,rj G C([0,a]), ||C — 

r]\\a<6, and C H (a(j) , then C H (ai) , and for any z £M\ H{ai) , 

U{z)-p^a{^)\<Ca\\C-v\\a. 

Proof. Suppose C^V ^ C{[0,a]) and C H{ao). Choose a crosscut 
ao.5 in H that strictly encloses ao, and is strictly enclosed by ai. Then aJxs 
and cti are disjoint compact subsets of Sq,q , which contains Yjj^ \ [oao ) baa] for 
any K G Ti.{ao). From the compactness of 7i{ao), there is d > 0, such that 
the distance between (fx (01:0.5) and ipxicti) is at least d for any K G 'H(ao). 
For t G [0, a], since G 'H(ao)) so the distance between (ao.5) and ^^{ai) 
is at least d. Since is enclosed by ao.5, so -fC^^^ = p>t{K^ \ K^) is enclosed 

by (/?^(ao.5), which implies that C(i) £ -f^t^a is enclosed by (/9^(ao.5). Thus 
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the distance between and f^ti^) least d for any z G W\H{ai) 

and t G [0,a]. Fix z G ]H\i7(ai) and 5 G (0,d/3]. Then \ipl{z) - Q{t)\ > d 
for any t G [0,a]. Suppose ||C ~ ^lU < Note that ifgiz) = z = ip^{z). Let 
[0,6) be the maximal subinterval of [0,a) on which (pt{z) is defined and 
\ip^t{z) - ip^z)] < d/3. Then for any t G [0,b), 

- m > l^i(^) - m\ - \^Hz) - ¥,?(z)| - \C{t) - v{t)\ > d/3. 
Thus (p^{z) is also defined. From the chordal Loewner equation, for t G [0, b], 



\^Uz)-vnz)\< 



< 



2{C{s)-v{s)) 



+ 
6t 



i4{z)-as))iipl{z)-rjis)) 
2i^]{z)-ipiiz)) 



ds 



ds 



{^^,{z)-as)){^l{z)-v{s)) 



ds 



(5.4) 
(5.5) 

Solving inequality (5.5), we get 



<^IIC-.IU + ^ 



\^i{z)-^]iz)\ds 
<^ + -^[\^iiz)-^l{z)\ds. 



- < Ke'"'" - 1) < S^e'"'"" - 1). 

Let h = hcap(i?(ao))- Then a = hcap(-ftr^)/2 < h/2. Choose 5 = min{d/3, 
— '^^a _^ } . Then \ipl{z) — <^^(z)| < d/G. So we have b = a, which implies that 



ift{z) is defined on [0,a], that is, z ^ K^. Since this is true for any z G 
Il\H{ai), so K2 C i/(ai). Finally, let C = (exp(§) - l)/ih/2). Solving 
inequality (5.4) for t£ [0,a], we get 

IV'^l^) - ^'aiz)\ < ie'"/'" - 1)||C - r/IU < Ca\\C - r^\\a 



for any z G IH \ H{ai), where the second "<" holds because a < h/2. □ 



Lemma 5.6. Suppose a and p are crosscuts in H, and [ca,da\ is strictly 
enclosed by p. Then there are 5,C > Q such that if (,r] £ C([0,a]), ||C — 
r]\\a < S, and C H{a), then K2 is enclosed by (93^)"^ (p), and for any 
wGm\H{p), 

\w-ip^,o{^i)-\w)\<Ca\\C-7^\\a. 
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Proof. Suppose C,'^^ ^"([0, a]) and C H{a). Choose po that strictly 
encloses [cajdo], and is strictly enclosed by p. Then for any t £ [0,a), ((t) £ 

K^^^ is enclosed by (po)- Note that K^^^ G Hsq{a) and (^~|; = V't ° 

((^^)~^. Prom the compactness of Hsqia) and an argument that is similar 
to the first paragraph of the last proof, we see that there is c? > depending 
onl y on a an d p such that | ipj o {ip^)~^{w) — C{t)\ ^ d for any t G [0, a] and 
w £M \ H(p). Pix w E H \ Applying the argument of the proof of the 

last lemma to z = {ip'^)~^ {w) , we have 6,C > depending only on a and p 
such that if lie — r/||a < (5, then (p^Kz) is well defined, and 

1^ - (^i)-'HI = - ^^a{z)\ < Ca\\C - riWa. 

That (p2,{z) is well defined implies that {ip'^)~^{w) = z ^ K2- Since this holds 
for any 6 ]HI\ -H"(p), so K2 is enclosed by {if^^)~~^ {p) . □ 

Now suppose is an almost H domain, and p G il. Suppose a is a crosscut 
in H such that H{a) C Prom the compactness of "^(0;), there is h > 

depending only on $7,^, a, such that if K £ 7i{a), then dist{ipKi{p} U d^l \ 
M),M) > h. Let pi and p2 be crosscuts in H with height smaller than h/2 
such that pi strictly encloses p2, and p2 strictly encloses [ca,(io]- Then for 
any K £ n{a), H{^],\p)) C \ Wk{p)}. 

Lemma 5.7. There are 5,C > such that if C,ri £ C{[0, a]), \\C-'n\\a<S, 
and C H{a), then for any z £ pi, 

(5.6) \Ji{z)-J2{z)\<Ca\\Q-ii\\a. 

Proof. Choose a crosscut a\ in H that strictly encloses a such that 
H{ai) C \ {p}. Suppose C) ^ ^ ^"([0, a\) and K'^ C H{a). Prom Lemma 5.5, 
there is 5o > depending only on a and ai such that if ||C — f/||a < ^O) then 
K2cH{a,). 

Prom Lemma 5.6, there are Si,Ci > depending only on a,pi,p2, such 
that if lie — ??||a < <5i5 then is enclosed by {^i)~^{p2), and for any z £ 

yOlU/32, 

(5.7) \z-^^,o{^i)-\z)\<CM\C-v\\a. 

Let F = {z £M:dist{z,H{pi)) < h/4}. Prom the compactness of H{ai), 
there is D > depending only on Q,p,ai,F, such that if Kf £ 7i{ai), then 
for any z £ F, 

(5.8) |v4(z)|<I). 

Let ho = hcap(//(a)). Then a = hcap(-fC^)/2 < /io/2. Let 6 = min{(5o,5i, 
h/ (2Ci/io)}. Suppose ||C — f?||a < S. Then for any z £ piL) p2, 

(9'i)"'(^)l < Cxab < CihoS/2 < h/4. 
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which imphes that [z, v?^ ° C F. 

Define Cf = G(17 \ Kf,p; •) if C \ {p}. For j = 1, 2, let 

AT,- = sup{| Jf (z) - J^{z)\} = snp{\Gi o {^irHz) - o 

iVj = sup {\Gi{z) - Gl{z)\} = sup{\Gi o ((^i)-i(z) - o {^i)-\z)\}. 

There is g G (0, 1) depending only on pi and p2 such that for any z £ p2, the 
probability that a plane Brownian motion started from z hits before M is 
less than q. Since both and J2 are harmonic in H{pi), have continuations 
to H{pi), and vanish on M, so — J'2 also has these properties. Since 
P2 C -H'l/Oi), so 

(5.9) N2<qNi. 

Since i^r| and K2 are enclosed by {^i)~^{p2), so and G^ are harmonic in 
n\{p}\H{{ipi)-^{p2)). Since they both behave like - ln(z -p)/(27r) + 0(1) 
near p, so G^ — G^ has a harmonic extension in O \ f/'((99^)~^(/92)). Since 
G^ — G^ vanishes at every boundary point of Q \ H {{ip^)~^ {p2)) including 
oo, except on {fi)~^ip2), and i(pi)~^{pi) C Q \ H {{(p^)~^ {p2)) , so from the 
maximum principle for harmonic functions, 

(5.10) N[<N2. 

Fixj G {1,2}. From [z , ^p^ o {ip(^)-\z)] C F for z G pj, G W(ai), and (5.7) 
and (5.8), we have 

|iV, - iVjl < sup{|G2 o {^^J-\z) - Gl o {^ir\z)\} 

= suv{\J2{z)-J2{^lo{^i)-\z))\} 
zepj 

< sup \VJ2{w)\ sup{|z - ^2 o (¥^i)"'(^)|} 

<Z)Gia||C-r/||a. 

From (5.9), (5.10) and the above inequality, we have 

A^i < iV{ + DCiaWC - rj\\a <N^ + DGia\\C - ??||a 

<N2+ 2DGia\\C - vWa < qNi + 2DGia\\C - r/||„ 

which implies that A^i < Ga\\C — rj\\a, where G = 2Z)Gi/(l — q). So we 
get (5.6). □ 

Lemma 5.8. There are 6,C >0 such that i/C,?? G G([0,o]), ||C-??||a < 
and Ki C H{a), then \Xi - X2\ < C\\C - vWa- 
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Proof. Suppose C^V ^ C'([0,a]) and C H{a). Choose a crosscut ai 
in H that strictly encloses a such that H{ai) C r2\{p}. Let phea crosscut in 
BI with height smaller than h/2 that strictly encloses [cc, do,]. From Lemmas 
5.5 and 5.7, there are 6o,Co > depending only on a, cti, p, such that 
if lie - riWa < 5o, then K'H C H{ai) and for any z e p, \J^{z) - J2{z)\ < 
CqclWC ~ ^IU- Let do = dist([ca, do], p)/2 > 0, and 5 = 5o A cIq. 

Suppose lie — vWa < Then K^,K2 C H{ai). From the compactness of 
7i{ai), there are m, Mi, M2, > depending only on Q,p,a,ai, p, such 
that for any x £ [ca — dQ,da + do] , 

m<dy4ix),dyJ^{x)<Mi and \di-'dy4{x)\,\di-'dyJ2{x)\<M„ 

for j = 2, 3. Let Ci = M^/m + M^/m^. So for any x £ [ca — do, da + dg], 

md,dy/dy)4{x)\ 

(5.11) 

= \{dldy/dy - {{d.dy ■ d^dy) / {dy ■ dy))) ji{x)\ < C^. 

Since dist([ca — do, da + do],p) > do, so for any x £ [ca — do, da + do], 
\dt%iJ^a - J^)i^)\ <^snp\4{z) - J^,{z)\ < ^CoaWC - v\\a, 
for j = 1,2, from which follows that 

\{d.dy/dy)ji{x)-{d:,dy/dy)J2{x)\ 

= \d^dyji{x)dyJ2{x)-d^dyJ2{x)dyji{x)\/\dyji{x)dyJ2{x)\ 

< \dxdyJi{x) dyJ2{x) - dxdyJi{x) dyJi{x)\/m^ 

(5.12) 

+ \dxdyJ'^{x) dyJ^{x) - dxdyJ2{x) dyJ^{x)\/m'^ 

< M2\dy{4 - J2){x)\/m^ + Mi|9,.9,(4 - J2){x)\/m^ 

< {2M2/do + AMi/dl)Coa\\C - rj\\a/m^ < C2IIC - ??||a, 

if we let C2 = (Ma/do + 2Mi/dl)Co hcap{H{a))/m'^ . 

Since G 7{{a), so ({a) G [cq,,^^]. From \r]{a) — C((i)| <S<do, we have 
77(a) G [ca — do, da + do] - Let C = Ci + C2. From (5.11) and (5.12), we have 

|Xi - X2\ = mdy/dy)4{C{a)) - id,dy/dy)J2ivia))\ 

< \{d,dy/dy)4iCia)) - id.,dy/dy)4iv{a))\ 

+ \{d,dy/dy)4ivia)) - {d,dy/dy)J2{via))\ 

< Ci\C{a) - ri{a)\ + C2IIC - vL < C\\C - vL- □ 

Proof of Theorem 3.1. Let ^o(i) = ^(0), t £ [0,oo). We may have 
oo > such that Cfl \ {p}. Choose crosscuts ao and ai in H such that 
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is enclosed by ao, ao is strictly enclosed by ai, and H{ai) C \ {p}. 
From Lemma 5.5, there is (5i > such that for any t £ [0, a^], if e C{[0, t]) 
satisfies \\r] — ^o||t < ^i, then C H{ai). Let 62,C > be the constants 
given by Lemma 5.8 with a = ai. Let 6 = 6iA {82/2). Then for any t S (0, oq], 
if r/j G C([0, t]) and — ^o||t < (5, j = 1, 2, then 

(5.13) |Xf -Xf |<C||??i-??2||t. 
Define a sequence of functions {S,n{t)) by induction: 

(5.14) in+i{t) = A{t) + \ f Xl-ds, 

Jo 

as long as X^" , < s <t, are defined. From Lemma 6.3, we see that 
is continuous, and so the integral makes sense. We may choose a G (0, oq] 
such that |A|Ca < 1/2 and — ^olU < V2- For n- = 1) we have — .^olU < 
(1 — l/2")(5 and — Cn-i||a < Suppose this is true for some n G N. 

Then from (5.13) and (5.14), we have 

\U+l{t)-Ut)\<\M f'\Xt -Xl-'\ds<\X\ f'cUn-U-lWads 

Jo Jo 

< \MCaUn - U~l\\a < Un " en-l||a/2 < 5/2^+\ 

for t G [0,a]. Thus < 6/2^+\ and ||e„H_i - eoHfc < 6/2^+' + Un- 

^ollfe < (1 — l/2"+^)(5. From induction, we have ||Cn+i — Cn||a < 5/2"+-^ for any 
n G N. Thus {^n) restricted to [0,a] is a Cauchy sequence in C([0,a]). Let 
\[o,a] G C([0, a]). Let n ^ 00 in (5.14); we see that ^00 solves 
(3.2) for i G [0,a]. 

Let 5 be the set of all couples (^, T) such that T > and ^ solves (3.2) for 
t G [0,T]. We have proved that S is nonempty. We claim that if (^,r) G 5, 
then there is (^ei^e) G S such that > T and '^e(i) = ^(i) for t G [0,T]. 

To prove this claim, let Q = ipj^{Q \ Kj,) and p = ipj.{p). If C ^ \ {p}, 

let j| = G{n\Kf,p; •) o (¥jf)-\ and l| = {d^dy/dy)J^{^{t)). From the first 
part of the proof, the solution to 

(5.15) ^{t) = CiT) + A{T + t)-A{T) + X f Xlds 

Jo 

exists on [0, d] for some a > 0. Let Te = T + d>T. Define (,e{t) = ^{t) for t G 
[0, T] and ^e(t) = l(t - T) for t G [T, T^]. It is clear that S C([0, Te]). Since 
agrees with ^ on [0,r], so solves (3.2) for t G [0,r]. For t G [0,re - T], 

we have V'T+t — ° -^T+t ~ ^ (v^t)~^(-^'I)- Since c^l" maps p to 

p, and O \ onto O \ K^, so 

j/ = G{n \ kIp- .) o ((^f)-i = G(J7 \ •) ° (4)"' ° ('/'f)"' 

= G(0 \ •) o (4vJ-i = 4"+,. 
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So X| = X|f^^. Thus for t G [0, T^-T], 

UT + t) = m = i{T) + A{T + t)- A{T) + \f Xl ds 



So solves (3.2) for t G [T, Tg]. Thus (^e,Te) G 5. So the claim is justified. 

Suppose (6,r2) G S. For j = 1,2, since ^,(0) = A(0) = Co(0), so 

there is Sj G (0,Tj A oq] such that — ^ollSj < ^- Choose G (0,5i A 
S2] such that C\\\S^ < 1. From (3.2) and (5.13), we have ||^i - < 
|A|C53||^i - so 116 - = 0, which means that ^(t) = ^(t) for 

0<t <S'3. 

Let To = Ti A T2. We claim that ^i{t) = 6(t) for t G [0, Tq]. Let T G [0, Tq] 
be the maximum such that ^i{t) = ^(t) for t G [0,T]. Suppose T <Tq. Let 
ei(t) = ei(r + t), ^2{t) =C2(T + t) for t G [0,ro - T]. Then ^ and 6 both 
solve (5.15) for t G [0, Tq — T]. From the last paragraph, there is S3 G (0, Tq — 
T] such that ^i{t) = ^2(i) for < t < S3, which implies that ^(t) = ^2{t) for 
< t < T + 53. This contradicts the maximum property of T. So T = Tq, 
and ei(t)=6(i) for tG[0,ro]. 

Let Ta = sup{T:(6T) G S}. Define on [0,Ta) as follows. For any 
t G [0,Ta), choose (C,r) G 5 such that t < T, and let U{t) = C(*)- Prom 
the last paragraph, S,a is well defined, and solves (3.2) for t G {0,Ta)- The 
uniqueness of S^a also follows from the last paragraph. There is no solution to 
(3.2) defined on [0,T^]. Otherwise, there exists some solution on [0,Ta + s] 
for some e > 0, which contradicts the definition of Ta- 

(i) Suppose Aq G C([0, cxo)), a G (0, 00), and Ta^ > a. Then K^'^" C 

Choose a crosscut a in M such that Ka ° C H{a) cn\{p}. Let 60, Co > 
be the 6,C given by Lemma 5.8 with C = Cao- Let C = exp(Co|A|a) and 
6 = 5o/C. Supposed G C([0,oo)) and P-^olU < S. Then \U{0)-Uo{0)\ = 
1^(0) -^o(0)| <S<6o. Let b G [0,a ATa) be the maximal such that \CA{t) - 
S,Ao(t)\ < '^o for t £ [0, b). From the properties of 5o and Co, for < t < 6, 



So Xf"^ is bounded on [0,b). From (3.2), lim(_>f,- CA{t) exists. If Ta = b, we 
define Ca{T) = lim^^^- ^Ait), then ^a solves (3.2) for t G [0,r], which is a 
contradiction. Thus Ta > b. From (3.2) and (5.16), we have that for any 
0<t<6, 





(5.16) 



xi^-xr'\<cou-u 
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Solving this inequality, we have that for any <t <b, 

\U(.t) - UM < exp(Co|A|t)p - ^olla < C\\A - ^olU- 

So \^A{b) - CAoib)\ < C\\A - AoWa < C6 = 60. From the definition of b, we 
have b = a. Thus Ta> a and \\Ca - CaqIU < C\\A - Ao\\a if \\A - Ao\\a < S. 
So {Ta > a} is open w.r.t. || • \\a, and A^ ^a is (|| • \\a, \\ • \\a) continuous on 
{TA>a}. 

(ii) Suppose a is a crosscut in H such that Uo<i<T ^ H{a) d Q,\ 
{p}. Then T < hcap(-ff(a))/2 < +00. From the compactness of 'H(a), is 
bounded on [0, T). So from (3.2), (^{t) — > x for some a; G M as t — > T. Define 
^(T) = X. Then ^ G C([0, T]), K^C H{a) C J7 \ {p}, and so 4 is defined for 
t € [0,T]. Then (^(t) solves (3.2) for < t < T, which is a contradiction. □ 

6. Convergence of the driving functions. From now on, we begin proving 
Theorem 4.2. We first study the case that the target is an interior point. In 
this section, we will show that the driving functions for the discrete LERW 
converge to those for the continuous LERW. 

6.1. Some estimates. Suppose is an almost IHI domain and p € 0. We 
now use the notation in Sections 3 and 4 in the case that the target is an 
interior point. Let a be a crosscut in H such that H{a) C \ {p}; and let 

be a compact subset of \ H{a). In the lemmas in this subsection, a 
uniform constant is a number that depends only on Q.,p,a,F. From the 
compactness of 7i{a) (Lemma 5.4), there is a uniform constant h > such 
that if Kl C H{a), then for any t G [0,a], d\si{^\{dn \ M) U (/?f(F),M) A 
dist(<^f(F),(/p«(aJ7\M))>h. 

Lemma 6.1. There are uniform constants Ci,C2 > such that if C 
H{q), then for any ti < i2 G [0, a] and z £ F, 

\^Uz)-^Uz)\<Ci\t2-ti\; 



2(^2 -ti) 



<c2\t2-ti\(\t2-ti\+ sup {ie(i)-e(ii)i} 



Proof. Suppose C H{a). Then lifUz) - C(*)l > h for any t G [0,a] 
and z£ F. Since (^|(z) - 93^^(2) = //' ^i(z)~({t) ^° Iv'U^) ~ '^1(^)1 ^ 
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Ci\t2 — ti\ for any ti <t2 £ [0,a] and z £ F, where Ci = 2/h > 0. Thus for 
ti<t2£ [0, a] and zGF, 



<^i\v>U^)-4A')\ + m2)-m\) 



< 2Ci/h2|t2 -h\+ 2/h2|e(i2) - atl] 

Let C2 := 2(Ci V l)/h'^ > 0. Then for ti < t2 e [0,a] and z G F, 



f t2 (^) - y'tl i^) 
t'Z 



2 



dt 



< 



t2 



dt 



<C2\t2-h\(\t2-h\+ sup 

te[ti,t2] 



□ 



Lemma 6.2. For each ni S {0, 1}, 712,713 £ Z>o, i/iere is a uniform con- 
stant C > depending on 711,7^2,713, such that if C H{a), then for any 
t £ [0,a], X G [ca,da], and z £ F, we have 

\drdrdZPHt,x,^Uz))\<C. 

Proof. For K G H{a), x £R and z £ Qk, let P{K, x, z) be as m Section 
4. Since d^K is analytic, so P{K,x,-) extends harmonically across dVlK- 
For K £ H{a) and x, y € M, let Qy{K, x, •) be defined on Qk \ {x} such that 
Qy{K,x,-) is harmonic in i^x', vanishes on M \ {x}; behaves like Im^^ + 
0(1) near x for some c G M; Qy{K,x, z) = —2Re{d3^zP{K,x, z) ■ for z £ 
9r2/^\M and z = ipxip)- From the compactness of H{a), for any 7^2, 713 £ Z>o, 
there is a uniform constant C > depending on 712,773, such that for any 
K £ H{a) , x,y £ [ca,da] , and z £ F, we have 

\d^'d^^,P{K,x,VK{z))\, \d^'d^^MK,x,VK{z))\<C. 

Note P^{t,x,z) = P{Kf ,x, z) and diP^{t,x,z) = Q^(f-^{K^ ,x, z), so we are 
done. □ 

Lemma 6.3. There is a uniform constant C > such that if C H{a), 
thenfor any t,t' £ [0,a], < C and \X^ - X^,\ < C{\t - t'\ + \Cit) - C{t')\). 
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Proof. Suppose C H{a). Let J^t,x) = Note that = 

{(^2 z/'^'i,z)J^{t:X). Since ^{t) G [ca,da\ for t G [0,a], so it suffices to prove 
that there is a uniform constant C > such that for any t S [0, a] and 
j; e [ca,da\, \dl'd2l{dlJd2,z)J^{t,x)\ < C for ni,n2 £ {0,1}. We need to 
show that \d2^zJ^{t,x)\ is bounded from befow by a positive uniform con- 
stant, and \dl'dlll^^J^{t , x)| is bounded from above by a positive uniform 
constant. The proof is similar to that of the above lemma. □ 

Lemma 6.4. There is a uniform constant C > such that if C H{a), 
then for any ti <t2G [0, a] and z £ F, we have 

|5lP«(t2,e(t2),V^i(^))-9lP«(tl,e(tl),</'l(^))|<C(|t2-tl| + |e(t2)-e(tl)l). 

Proof. This follows from Lemma 4.1, and the above three lemmas. □ 

Lemma 6.5. There is a uniform constant di > such that if Ka ^ H{a), 
then for any ti <t2& [0,a] that satisfy \t2 — ti\ <di, and for any z £ F, we 
have 

= d2PHti,^{ti), 4, (z)) ■ mt2) - ah)) - {t2 - h)Xl] 
+ i/2diPHti,c{ti),4A^)) • mt2)-ati))'-2{t2-t,)] 

+ 0(^2) + 0{AB) + 0{AB^) + 0{B^), 

where A := \ t2 — ti\ , B : = sup^ — C{'t)\}, and 0{X) is some num- 

ber whose absolute value is bounded by C\X\ for some uniform constant 
C>0. 

Proof. We may choose a compact subset F' oi Q \ H{p) such that F 
is contained in the interior of F' . So from the compactness of 7i{a), there is a 
uniform constant do> such that for any K € H{a), dist{ip K{F),difK{F')) > 
do. Suppose C H{a). From Lemma 6.1, there is a uniform constant 
di > such that if s,t £ [0,a] satisfy |s — t| < di, then for any z £ F, 
[4{z),4{z)]c^i{F'). 

Fixz G Fandti < t2 G [0,a] with 1*2 -ill < c?i- Let Pi = P^t2,C{t2),42{z)), 

P2 = PHtuC{t2),4jz)), Ps = P'^{ti,ah),4,{z)), P, = p^{ti,ah),ipUz)). 

Then 

P^t2,at2),4Az))-PHtl,m),V^U^)) = iPl-P2) + {P2-P3) + {P3-PA)- 

Now Pi - P2 = Jl'diP^{t,C{t2),4,{z))dt. Fix any t G [tiM- Applying 
Lemmas 6.1 and 6.2 to F', since C(0)^(*2) G [cajt^a] and [ipf{z),ipf^{z)] C 



36 D. ZHAN 

ip\{F'), so we have 

diP^{t,i{t2),vi{z))-diP^{t,m,4{z))=0{A) + 0{B). 
Applying Lemma 6.4 to F, we have 

diP^{t, m,ftiz)) - diPHh,ah),fi (z)) = o{A) + o{B). 

So we get 

Pi - P2 = diP^{ti,^{h),ipl{z)){t2 - ti)+0{A^)+0{AB). 
Applying Lemma 6.2 to F', since (Pt^{z) S ip\^{F'), so we have 

P2-Pz=d2P^{tl,i{tl),4^{zm{t2)-i{h)) 

+ 1/292 4.{z)mt2) - mf + o{b^). 

Applying Lemmas 6.1 and 6.2 to F' , since [ip\^{z) , ip\^{z)\ C ip\^{F'), so we 
have 

diP^{tU{ti),4.{z))-(^2P^{h,m,A{^)) = 0{Al 
for j = 1, 2. Thus 

P2 - P3 = a2P«(tl,e(tl), ^1 (^))(^(t2) - iiti)) 

+ i/2a2p«(ti, ^(ti), ^1 (z))(e(t2) - ^ (ti))' 

+ 0(AB) + OiAB"^) + 0(p2). 

Applying Lemmas 6.1 and 6.2 to F' , since [lp\^{z) , ip\^{z)\ C so we 

have 

P3 - A = 2Re{d^,,P^{t^,i{t^),^i{z)){^i{z) - i^iiz))) + 0(^2) 

= 2Re{d,^,P^{tU{ti)MM) ) + 0{AB) + 0{A^). 

The conclusion follows from Lemma 4.1 and the equalities for Pj — Pj+i, 
j = 1,2,3. □ 

6.2. Convergence. We use the notation in Section 4.2. We may choose 
crosscuts Pj, j = 0, 1, 2, in D such that H{pq) is a neighborhood of 0+ in D, 
H{po) C H{pi) C H{p2) CD\ {ze, 00}, and 

do := min{dist(0,po),dist(/)o,Pi),dist(pi,p2),dist(/)2,2e)} > 0. 

Now suppose 6 < do. Then ^ H{p2) as — z^] < 6 , any edge of can 
intersect at most one of pj's, and (0,5] C H{po). Thus the LERW curve qs 
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must cross all of these /9j's. Let be a compact subset oi D \ {00} \ H{p2) 
with nonempty interior. Suppose / maps D conformally onto an almost HI 
domain Q. such that /(0+) = 0. Let p = f{ze), Fq = f{F]:)) and aj = fipj), 
j = 0, 1, 2. Then Fq is a compact subset of il. with nonempty interior; aj's 
are crosscuts in H; ao strictly encloses 0; aj+i strictly encloses aj; and 
{p},FnCn\H{a2). 

In this subsection, a uniform constant is a number that depends only on 
D, Ze, po, pi, P2-, Ff), f, and some other variables we will specify. We use 
0{X) to denote a number whose absolute value is bounded by C\X\ for 
some positive uniform constant C. We use 05 (X) to denote a number whose 
absolute value is bounded by C((5)|X| for some positive uniform constant 
C{6) depending on 5, such that C((5) ^ as (5 — > 0. 

Let denote the set of finite simple lattice paths X = {X{—1),X{0), . . . , 
X{s)), SEN, on D^, such that X(-l) = 0, X(0) = -5, X{k) G D for < 
k<s, and U|=o(^(^^-l),^(fc)] ^H{pi). Let Set(X) = {X(0), . . . , X(s)}, 
Tip(X) = X{s), Dx = D\ U|=o(^(^ - ^),Xik)]; Px be the generalized 
Poisson kernel in Dx with the pole at Tip(X), normalized by Px{ze) = 
1; and gx be defined on V{D^) such that fif^ = on Vq{D^) U Set(X) \ 
{Tip(X)}, ^o^gx = on Vi{D^) \ Set(X), and gx{wi) = I. 

Lemma 6.6. Suppose G = iy,E) is a connected locally finite graph. 
Suppose A,B C V are such that B is finite and AU B is reachable. Sup- 
pose h is a nonnegative bounded function on V such that h vanishes on A, 
and is discrete harmonic on V \{A[J B). Then we have J2weA^Gh{w) = 

Proof. For G B, let Hyj^^ be the bounded function on V , which is 
discrete harmonic m.V\{A{J B), vanishes on AU B\{wq} , and equals 1 at 
wq. Then the lemma holds if /i = H^^^^. Since h{w) = J2wo&B h{wo)Hii,g{w), 
so we are done. □ 

Proposition 6.1. For any e >0, there is 5o> such that ifO <6 <6o, 
then for any X G , and any w G V{D^) r\{D \ H{p2)), we have \gx{w) — 
Px{w)\<e. 

Sketch of the proof. Suppose the proposition is not true. Then we 
can find eo > 0, a sequence of lattice paths Xn G L^" with (5„ ^ 0, and a 
sequence of points Wn G F*^" n {D\H{p2)), such that |5jc„(wn) — Px^i'^n)] > 
Eq for all n G N. For simplicity of notation, we write gn for gxn, Pn for 

Px„ and Dn for Z)x„. Let = f{{j^=S\^n{j-l).Xn{j)]). Then G 
7^(0:1). Write ifn for ipK„ and Vtn for ^lKr^■ Let x„ = o /(Tip(X„)). Then 
Xn G [Cdi , dai ] ■ Let Qn = Pn° f~^ ° ■ Then Qn is the generalized Poisson 
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kernel in r2„ with the pole at normalized by Qnifnip)) = 1- From the 
compactness of 7i{ai), by passing to a subsequence, we may assume that 

Kn — > Kq G Ti.{ai) and — > xq S [cai,dai]- Write for ^Ko ipo for 
Let Qo be the generalized Poisson kernel in with the pole at xq, 
normalized by Qoiv'oip)) = 1- Let Dq = /"^{O, \ Kq) and Pq = Qq o ipQ o f. 
Then Pq is the generalized Poisson kernel in Dq with the pole at /^^ o 

99q ^(xq), normalized by Po{ze) = 1. Moreover, Z)„ Dq, and Pn Pq in 

Dq. 

We extend to CE"(7„ that is defined on the union of lattice squares 
of at whose four vertices gn is defined. Applying Harnack's inequality 
to the positive discrete harmonic function gn, we find that (CE^gr^) is lo- 
cally uniformly continuous in Dq. By the Arzela-Ascoli theorem, there is a 
subsequence of (CE"^^), which converges locally uniformly to some go in 
Dq \ {oo}. We may assume that the subsequence is (CE^gf^) itself. By ap- 
plying Harnack's inequality to the discrete partial derivatives of gn, we may 
assume that the continuation of all discrete partial derivatives of gn also 
converge to the corresponding partial derivatives of go. Then we conclude 
that go is a positive harmonic function in Dq \ {oo}. 

We may find a sequence of crosscuts (7*^) in Dq such that (if (7*^)) is a 
nesting neighborhood basis of the prime end o (Pq^(xq) in Dq, which is 
the pole of Pq. Fix /c E N, for each n G N, we find a crosscut 7^ in D„ that 
bounds a neighborhood H{pin) of Tip(X„), such that 7^ converges to 7^^ in 
some sense as n ^ 00. For each k >2, we may construct some "hook" in 
the area of Dq between 7*^"^ and 7^^+^ that holds the boundary of Dq and 
disconnects 7*^+-^ from 7'^"^. We use these hooks to prove that the values 
of gn outside H{'y''~^^) are uniformly bounded, and gn{w) — > as n — > 00 
and w dDn in V{D^") n (D„ \ i?(7^+^)) in the spherical metric. Thus 
5(0(2;) ^ as z ^ C \ Dq in Dq \ H{j^^^) in the spherical metric. Since 
{H{'^^)) is a neighborhood basis of o lpq^{xq) in Dq, so if 00 ^ D, then 
go must be a generalized Poisson kernel in Dq with the pole at f~'^ oip'^^i^xo). 
Since go{ze) = lim„ CE"5„(-u;f ) = \im.gn{wl) = 1 = Pol^e), so go = Pq in L»o- 
The sequence {wn) has a subsequence {wn,,) that converges to some wq G 
D or tends to C \ D in the spherical metric. In both cases, we can get a 
contradiction. 

If OD € D, we only need to prove that go is also harmonic at 00. From 
Lemma 6.6, we have 

^ Aoi„5„(t/;) =0. 

w&ct{Xn)yJ(V{D^" )ndD) 

Choose a Jordan curve a in D composed of line segments parallel to the x 
or y axis, such that dD is enclosed by a. Let U{a) denote the intersection 
of D with the domain bounded by J. Let G„ be a subgraph of D^" spanned 
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by edges in Z) " that is incident to at least one vertex in U{a). Let A = 
Set(X„) U {V{D^") n dD), and let B be the set of vertices of G in L> \ U{a). 
Then from Lemma 6.6, we have 

iOniw) - gn{w')) = - Y Aj;)S„gn{w) =0, 

{w,w')evs «>eSct(x„)u{y{D*n)nSD) 

where = {{w,w') :w e V{D^" )nU{a),w' e Vi{D^" ) \ f/(fj) , u; ~ u/} . Since 
the discrete partial derivative of gn converges to the continuous partial 
derivative of gioi so as n ^ c«, 

Y idniw) - gn{w')) j dngoiz) ds{z). 

Thus J^dngo{z) ds{z) = 0, so g^ is harmonic at oo. 

The reader may see Section 5 in [20] for the detailed proof of a similar 
proposition. □ 

Let the LERW curve qs on [— 1,X5] be defined as in Section 4.2. For 
-1 < i < X5, let vs{t) =hcap(/og5((0,t]))/2. Let Ts = vs{xs) and us = v^^ . 
Let I3s{t) = f{q5{us{t))), < t < T^. Since /(0+) = 0, so (3^ extends con- 
tinuously to [OjT^] such that /^^(O) =0. From Proposition 3.2, there is some 

e C([0, Ts]) such that /^^((O, t\) = K^' for < t < T^. Forn € Z>o, let JS^ be 
the (j-algebra generated by {n < xs} and qs{j), < j <n. Let rioo be the first 
n such that {qs{n — l),qs{n)] intersects po. Then rioo is an J^„-stopping time 
and [Jk=oiQs{k — l),qs{kj)] is contained in H{pi) because 5 < dist(po, /Oi)- 
Let Ti^ = vsM. So K^A C H{ai). Then T^,, < hcap(F(ai))/2, so = 
0(1). 

Fix any n G Z[_i „^„i]. Then {qs{n),qs{n+ 1)] can be disconnected from 
pi by an annulus A = {5 <\z — qs{n)\ < do}- Let P be the set of all cross- 
cuts J in D \ [J^^(^[qs{k — l),qs{k)] that is contained in A, and disconnects 
{qs{n),qs{n + 1)] from pi in D \\J'^^Q[qs{k — l),qs{k)]. Then the extremal 
length of P is at most 2Tr / ln{do / 6) . If 7 G P, then ° fil) is a crosscut in 

M, which disconnects ifl^^^^ o f{{qs{n),qs{n + 1)]) = \ 
from 99^^^,^j(ai) in H. Since C -ff(ao), and ao is strictly enclosed by 

ai, so from the compactness of H{ao), the area of H{ip^^^^^^{ai)) is bounded 
from above by a uniform constant Cq > 0. By the conformal invariance, the 
extremal length of /(P) is at most 2tt / ln{dQ / 6) . So there is 7 E /(P) whose 
length is smaller than l{5) := 2{CoTr/ ln{do/6)y/^ . Then l{6) = os{l). Since 
^il{n)(^ll{n+i) \ enclosed by 7, so its diameter is not bigger than 

l{5). Thus there is xo G M such that ^^J^^^^^{K^J^^^^^^ \ K^l^^^^) C {z G M : |z - 
xo\ < K^)}- Thus vsiiT- + 1) - < hcap({z eM:\z - xo\ < l{6)})/2 = 
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l{6)'^/2 and is{t) G [xq - 2l{5) , xq + 2l{5)] for any t G [vs{n),vs{n + l)], which 
imphes that |C<5(s) — < 4/(5) iov any s,t ^[vs{n),vs{n + 1)]. 

Now fix a small d > 0. Define a nondecreasing sequence (f^j)j>o induc- 
tively. Let no = 0. Let rij+i be the first n > rij such that n = Hoo, or ^^^(n) — 
vsi^j) > (i^, or — £,5{TLj)\ > d, whichever comes first. Then nj's are 

stopping times w.r.t. {J^n}, and are all bounded by noo- From the result 
of the last paragraph, we may let 5 > be smaller than some positive 
uniform constant depending on d, such that vs{nj^i) — vs{nj) < 2d'^ and 
\C5{vsis)) - Cs{v5{nj))\ < 2d for any s £ [n^, rij+i], < j < oo. Let JF- = J^nj , 
< j < oo. For < n < rioo, let be the subpath of qs up to time n; then 

G L^. Let (gn) be the (gn) in Proposition 2.1 for the LERW qs- Then 
ffn = 9q"7 where is as in Proposition 6.1. For simplicity, we write Pn for 

From Proposition 2.1, for any w G H F/j, ((/n^ (f^))j>o is a martin- 

gale w.r.t. {J^j}, so E[g„^^-^(tt;)|J^j] = g^jiw) for any j G Z>o. From Propo- 
sition 6.1, we have E[P„^-_^j = Pnj{w) + 0^(1). From Harnack's in- 
equality, the absolute values of the gradients of Pn^ on Fd are bounded by 
a positive uniform constant. Since for any z G Fo, there is w G V{D^) D 
Fd with \z -w\ < 0^(1), so for any z G Fd, B[Pn^^^{z)\J=''j] = Pn^{z) + 

05(1). Note that P„ o /"i = So for any z G 

= P«nt;5(?i,),e5(t'5(ni)),^J^^(„^.)(^))+05(l). 

Proposition 6.2. There are a uniform constant d2 > 0, and a uniform 
constant 5{d) > depending on d, such that if d< d2 and 5 < 5{d), then for 
all j G Z>o, 



E 



{V5 (nj+i ) ) - i& {V5 {uj)))- Xf' dt 

Jvs{nj) 



o{d^y, 



Proof. Note that K^g C H{ai). Let di > be the uniform constant 

given by Lemma 6.5 with a = a\. Let d^ = (di/2)^/^. Suppose d < d2. Fix 
j G Z>o. Let a = vs{nj), b = vs{nj^i). Then < 6 — a < 2d'^ < 2d^ = di, and 
"^5(^)1 ^ 4(i for any s,t G [a,h]. Fix z G Fq^. From Lemma 6.5, we have 

P^' {b, (^)) - ^s{a),^i^ {z)) 

= d2P^'{aMa),^i'{zmm - Ua)) - {b - a)Xp) 

+ iaiP«^(a, C5{a),^i' {z)ms{b) - C5{a)f - 2(6 - a)) + 0{d'). 
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Take the conditional expectation of this equahty with respect to J-'y From 
(6.1), we have 

d2P^^{aMa).vi'{z))n{m-Uc^))-ip-a)Xl^\F'^, 
= 0{d^) + os{l). 

Since 05(1) — > uniformly as 5^0, so there is a positive uniform function 
5{d) depending only on d such that if 5 < 5{d)^ then |o5(l)| < d^. From 
Lemma 6.3, we have - = 0{d) for any t G [a, b]. Thus for 5 < 5{d), 



mb)-C5{a))- / X^'dt 



b 



T'- 

3 



+ \dlP^'{aMa).vi'{z))n{is{b) - is{a)f - 2(6 - a)\T'^] = 0{d'). 

Note that this is true for any z G F^i. We may choose zi / 2:2 G Ffi and solve 
the linear equations to get the estimates of the two conditional expectations. 
We already know that c^P^* (a, ^^(a), (/jI* (z)) = 0(1) for j = 1, 2. So the proof 
will be completed if we prove that there is a uniform positive constant Co 
such that there are zi,Z2 S Fq that satisfy 

\d2P^^{a,^s{a),ipi'{zi))-dlP^'ia,^s{a),d'i^2)) 

- d2P^' {a, (a) , ^i' {Z2))- dlP^^ (a, is (a) , ^i' (^i ) ) | > Cq. 

This follows from the compactness of 'H(ai), and the fact that for every 
K G 'H(ai) and x G [cai,(iQj, there are ^1,^2 G Fq, such that 

d2P{K,X,^K{zi))dlP{K,X,^K{z2)) 

(6.2) 

-d2P{K,x,^K{z2))dlP{K,x,^K{zi))^Q. 

Here, if (6.2) does not hold for some K G Ti^ai) and x G [cai-,daj\, then 
there is C = C{K,x,F^) such that d^P{K,x,z) = Cd2P{K,x,z) for z G 
^k{Fq,)- Since ipK{Fn) contains an interior point, and d2P{K,x, •), j = 1,2, 
are harmonic in Qk, so d2P{K,x, z) = Cd2P{K,x,z) for z G 0,k, which 
cannot be true because x is a pole of (?2-P(-ftr, x, •) of order j + 1 for j = 1, 2. 
□ 

Let r]s{t) = Cs{t) — 2 /q ds, < t < T^^^ = vs{noo). From Lemma 6.3, we 
have T'/"'^'^ Xf*^ = (9(^2) for < t < T^. Thus 

•3\ 



B[{ijs{vs{nj+i)) - r]sivsinj)))\J^!j] = 0{d 

E[(r/5(i;5(nj+i)) - r/5(t;5(nj)))^ - 2(^;5(nj+i) - ^;5(nj))|.Fj] = 0(^3). 

The following theorem can be deduced by using the Skorokhod embedding 
theorem. It is very similar to Theorem 3.7 in [10], so we omit the proof. 
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Theorem 6.1. For every e > 0, there is a uniform constant 5q > de- 
pending on e such that if 6 < Sq, then there is a coupling of the processes 
r]s{t) and a Brownian motion B{t) such that 

P[sup{|r?5(t) - V2Bit)\:te [0, T^]} <e]>l-e. 
Note that for t G [0,T^^], ^s{t) solves the equation 

(6.3) Ut) = r]5{t) + 2 f XlHs. 

Jo 

Suppose B{t) is a Brownian motion, and ^,o{t), <t <Tq, is the maximal 
solution to 

(6.4) eo(i) = V2B{t) + 2 ds. 

Jo 

Then there is a.s. a simple curve Pq such that /3o(0) = 0, /3o(i) G H for < i < 
To, and = /3o((0,t]) for < t < T, and there is a continuous increasing 
function uq such that 7o(t) := f~^{Poiuo^{t))), < t < Sq = uo{To), is an 
LERW(Z); 0+ z^) trace. _ 

If a is a crosscut in H, and /? defined on [0,r) is a curve in H, let Ta{(3) 
be the first t such that /3(t) G q, if such t exists; otherwise let Ta{(3) = T. 
Since /?5([0,r^J) intersects ao, so Tq,o(/?5) < T^^^. 

Theorem 6.2. Suppose a is a crosscut in HI i/iai strictly encloses 0, 
and i?(a) C ^2 \ {p}. If oo £ D, we also assume that /(oo) ^ H{a). For 
every e > 0, i/iere is (5o > suc/i t/iai if 5 < 5q, then there is a coupling of 
the processes S,s{t) and ^o(^) such that 

(6.5) P[sup{|C5(t) - Ut)\ : t G [0,TM) V r,(/5o)]} < > 1 - e. 

If or ^0 ^-5 fJO^ defined on [0,Ta{(3s) VTq(/?o)], we set the value of sup to 
be +00. 

Proof. Let pj and = /(pj) be as in the beginning of this subsection 
such that a is strictly enclosed by ao. From Lemma 5.5, there is 6i > 
such that if C H{a) and ||C — r]\\a < Si, then K2 is strictly enclosed by 
ao- Since K^g intersects ao, so if and are coupled, then on the event 

that \Cs{t) - Ut)\ < Si for < t < , we have /?o((0, T^]) = K^, ^ H{a), 

which implies that Ta{Ps) V Tq(/3o) < T^^. We may assume e < 6i. Then we 
suffice to prove this theorem with (6.5) replaced by 

(6.6) P[sup{|^5(t) -eo(t)| :t G [0,Ti]} <e] > 1 - e. 
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Since Kj^^ C H{ai), so from Lemmas 5.5 and 5.8, there are 62, Ci > 
such that for any t £ [0,T^, if ||^o - ^.sWt < S2, then K^" C -^(02), and 
(6.7) \xt-Xf'\<CiUo-mt- 

Let C2 = e^'^^'^ / {2Ci) , where hi = hcap(i/(ai)). From Theorem 6.1, there is 
5o > such that \i 6 < 5q, then there is a couphng of rj^ with \/2B such that 
the probabihty that \r]s{t) - V2B{t)\ < (e A 52)/C2 for t G [0,T^J is greater 
than 1 — e. Let £^ denote this event. Assume £^ occurs. 

Now ^o(O) = = ^5(0). Let [0,b) be maximal subinterval of [0,T^J D 
[0,To), on which |^o(i) - ^5(^)1 < e A ^2. Then from (6.3), (6.4) and (6.7), 
we have 

Uo-^s\\t<\\vs-V2B\\^s +2Ci f'Uo-^sWsds, 

for any t £ [0, b] . Solving this inequality, since b<T^^< hi/ 2 and £^ occurs, 
so 

\\iQ-i5\\b<{e^^'^ -l)/{2Ci)\\r^5-V2B\\^s <C2\\m-^B\\^s <eA52. 

Thus K^" C H{a2) for < t < 6. From Theorem 3.1(ii), we have 6 < Tq. 
Since ||^o — S,5\\b < e A ^2, so 6 = r^^^. Thus ^o{t) is defined on [0,T^q], and 
\^s{t) - ^o{t)\ < e for t G [0,r4] if £^ occurs. So we have (6.6). □ 

7. Convergence of the curves. 

7.1. Local convergence. We use the notation in Section 4.2. First we in- 
troduce a well-known lemma about random walks on 51? . 

Lemma 7.1. Suppose w G 51? and K cC is a connected set that satisfies 
diam(i^) > R [resp. diam*(A') > R]. Then the probability that a random 
walk on 5Tl? started from w will exit B(t(;;i?) [resp. ^"^{w, R)] before using 
an edge of 5T? that intersects K is at most Cq{{5 + d\st{w,K)) / R)'~'^ [resp. 
Cq{{5 + (l\st^{w.,K)) / R)^'^] for some absolute constants Co,Ci >0. 

For w G V{D^), let Xyj be a random walk on started from w, stopped 
when it hits Vq{D^) U {wf}. Let Yyj be X^ conditioned to hit . Then 
qs = LE(y5). Lemma 7.1 will be applied because if it; G D, X^ is not different 
from a random walk on 57? started from w stopped when it uses an edge 
that intersects dD or hits ifg. 

Definition 7.1. Let z G C, r, e > 0. A (z,r, e)-quasi-loop in a path uj 
is a pair a,b £ lj such that a,b £ B(z;r), |a — 6| < e, and the subarc of u! 
with endpoints a and b is not contained in B(z;2r). Let Cs{z,r,£) denote 
the event that qs has a (2;, r, e)-quasi-loop. 
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Lemma 7.2. Suppose r > andB{zo;5r) C D. ThenP[Cs{zo,r,e)] ^ 0, 
as e — > 0, uniformly in 6. 

Proof. We will use the idea in the proof of Lemma 3.4 in [16]. However, 
that proof does not apply here immediately, because we are dealing with the 
loop-erasure of a conditional random walk, and Wilson's algorithm does not 
apply to a conditional UST. 

We will argue on the reversal path. Let X^^ be a random walk on 
started from w, stopped when it hits dD. Let be conditioned to 
hit the boundary vertex (6,0). Let qg = LE{Y^s). Then qg has the same 
distribution as the reversal of qs- Let £^(zo,r, e) denote the event that q^ 
has a (zo, r, e)-quasi-loop. Then P[Cg{zo,r,e)] = P[Cs{zo,r,e)]. It suffices to 
show that lime_>o P[>C^(zo5 r, e)] = 0, uniformly inS £ (0, 6i] for some absolute 
constant 5i > because if 5 > 5i, then Cl{zo,r,e) does not happen when 
e<6i. 

Let Bfc = B(zo; kr) , /c = 1, 2, 3, 4, 5. Let to = and j = 0. If tj is defined, 
then define Sj+i to be the first time s > tj such that Y^s{s) G Bi, if such 
s exists; otherwise, let M = j and stop here. If Sj+i is defined, then define 
to be the first time t > Sj+i such that Y^i{t) ^ B2. Let j = j + 1 and 
iterate the definition. Then we get a sequence si < ti < ■ ■ ■ < s m < ihi ■ Such 
M is a random number. Finally, for each s > 0, let {y'^Y be the subpath of 
Y^ s up to time s. 

For j G N, let be the event that j < M and LE((y^^)*j) has a (zq, 
quasi-loop. Then y\ is empty, and it is clear that for any m G N, 

00 ra 

(7.1) £K^o,r,e)c U3^J-C{^>"^ + 1}U U^r 

We first estimate P[M > j + 1| (y^,)*j]. For w G ^(-D'^), let or Q\w) 

be the probability that leaves Z) through [5,0]; let Qi{w) or Qi{w) be 
the probability that avoids Bi and leaves D through [5,0]. Then the 
probability that Y^ does not hit Bi is equal to Qi{w)/Q{w). From the 
Markov property of y, we have 

p[M > j + i|(y^.)*^] = 1 - Qi(yj;.(t,))/Q(^j;^.(ti))- 

Let F = {2r <\z — zq\ < 3r}. Then F is a compact subset of \ Bi, and if 
5 <r, then Y^g (tj) G F. We claim that there are absolute constants 60 G (0, r) 

and C2 > such that Qiiw)/Q{w) > C2 for any w G y(£>^) n F, if 5 < 5o. If 
the claim is not true, then we can find 5„ — > 0, tt^n G n F, and ^ 

wq G F, such that Q{''{wn)/Q^''{wn) 0. Let J'^" = (5'^"(-)/<5^"(ifn) and 
j5„ ^ (g^"(.) - Let P be the generalized Poisson kernels 
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in D with the pole at 0+, normahzed by P{wo) = 1. Then 7"^" converges 
to P locaUy uniformly in D. Since J^" vanishes on the boundary vertices 
of including 0, agrees with J"^" on the vertices in Bi, and is discrete 
harmonic in D \ Bi, so converges to a continuous function H locally 
uniformly in D \ Bi, where H vanishes on dD, agrees with P on 5Bi, and 
is harmonic in D \ Bi. Then H < P \n D\'Qi. From J^"{wn) — > 1, we have 
H{wo) = 1 = P^wq). From the maximum principle of harmonic functions, 
we have P{w) — H{w) = for any i(j G D \ Bi, which is impossible. So the 
claim is justified. Suppose 5 < Sq. Then P[A/ > j + IK^^)*^] < 1 - C2. By 
induction, we find that 

(7.2) P[M>?n+l] < (l-Ca)*". 

We now estimate P[yj+i\^yj , (Y^sY^]. Let Qj be the set of components 
of intersection of B2 with LE{{YJ'sY^^^) that do not contain YJ's{sj+i). 
Observe that if yj does not occur, then for 3^j+i to occur, there must be 
a K & Qj such that Y^s comes at some time t G within distance 

e of n Bi but Y^s{t)^K for all t G [sj+i,tj+i]. But if Y^s{t) is close to 
K for some t G [sj+i, tj+i], then Lemma 7.1 can be applied, to estimate the 
probability that ^J^a(i) will not hit K before time tj+i. 

Suppose 5 < 5i := 5o Adist(0,B5); then 5 ^ B5, so Q is discrete harmonic 
inside B5, and Q{w) > for any w G V{D^) D B5. Applying Harnack's 
inequality to Q, we get an absolute constant Ci > 1 such that Q{wi) < 
CiQ{w2) for any wi,W2 G V{D^) n B4. Let be the first time that a 
path leaves B3 or hits K. Then for any w G V{D^) H B3, X'^{t) and Y^{t), 
t = 0, 1, . . . ,T3, are contained in B4 because S < Sq < r. Note that for any 
path {wo,wi, . . . ,Wn) on that is contained in B4, 



1 < i < n] /P[X;^(i) = w,,l<j<n] = Q{wn)/Q{wo) < C^. 



Therefore, conditioned on Y^^ (sj+i), for each given K ^ Qj, the proba- 
bility that y^^([s,+i,t,+i]) gets to within distance e oi K but does not hit 

K is at most C^{{5 + £)/r)^'^ for some absolute constant C3,C4 > 0. Note 
that if (5 > e, then the above event cannot happen, so the probability is at 
most C3(2e/r)*-^* . Observe that \Qj\, the cardinality of Qj, is at most j. Let 
C75 = C3(2/r)^'i. Then 

P[J,+ih3^i]<jC5e^^ 

This gives 



■i=i ■ 



m—1 



i=i j=i 



m—1 
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Combining this with (7.1) and (7.2), we find that 

V[Cl{z^,r,e)] < (1 - C2r+m^C^e^\ 
Since C2 > 0, the lemma follows by taking m = [e~'^4/3j ^ gg^y_ q 

Definition 7.2. Let F C C, and r, e > 0. An (F, r, e)-quasi-loop in a 
path w is a pair a,b £ uj such that a £ F, |a — 6| < e, and the subarc of lo 
with endpoints a and b is not contained in B(a;r). 

Corollary 7.1. Suppose F is a compact subset of D \ {00}, anc? r > 0. 
T/ien t/ie probability that qs contains an {F,r,e)-quasi-loop tends to as 
e ^ 0, uniformly in 5. 

Proof. Let Cs{F,r,e) denote this event. We may find tq G (0,r/3) and 
finitely many points zi, . . . ,Zn G F, such that B(zj;5ro) C D for each j £ 
Z[i^„], and F C Uj=i B(zj; ro/2). It is easy to check that if e < ro/2, then 
£5(F, r, e) C Uj=i ^^(-^j; '^O; ^)- The conclusion follows from Lemma 7.2. □ 

Corollary 7.2. Suppose F is a compact subset of {/(oo)}, and 
r > 0. Then the probability that I3s contains an (F,r,e)-quasi-loop tends to 
as e — > 0, uniformly in 5. 

Proof. This follows from the last corollary, and the facts that / maps D 
conformally onto 17, / (resp. f~^) is uniformly continuous on each compact 
subset of -D \ {00} (resp. Q \ {f{oo)}), and that f3s is a time-change of / o g^. 
□ 

For a domain E and e > 0, let d*E :={z£E: dist#(z, C \ F) < e}. For 
any e > there are £1,^2 > such that f{df^D) C dfVt and f~^{df^Vt) C 
dfD. In the following lemmas, let Fo (resp. Fq) be a compact subset of 
D\{ze, 00} [resp. 17 \ {p, /(oo)}]. 

Lemma 7.3. The probability that or qs visits dfD after visiting Fd 
tends to as e,5 ^ 0. 

Proof. Since qs is the loop-erasure of I5, so we only need to consider 
Yg. By the Markov property of Y, we need to prove that the probability that 
Yw visits df'D tends to as e, 5 — > 0, uniformly in w G Fq. For w G V{D^), 
let Q{w) be the probability that visits w^. Let Pe{w) be the probability 
that Yw hits dfD. Then Q{w)Ps{w) equals the probability that first 
hits dfD and then w^, which is not bigger than sup{Q{w) : w G dfD}. 

Choose zq G Fd. Let Wq be the vertex of D^ closest to zq. As 6 ^ 0, 
Q{-)/Q{u!q) converges to G{D,Ze;-)/G{D,Ze;zQ) uniformly on any subset 
of D bounded away from Zg. Thus sup{Q{w) :w G df{D)}/ mf{Q{w) :w G 
Fd} — > as (5, e — > 0. So Pe{w) — > as e, (5 — > 0, uniform on u; G Fp. □ 
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Corollary 7.3. The probability that (3s visits dfVL after Fq tends to 
as e, 5 — > 0. 

Lemma 7.4. For any e > 0, there are M, 6q> such that if 5 < 5o, then 
with probability greater than 1 — e, qs stays in B(0;M) after visiting Fq. 

Proof. This follows from Lemma 7.1 and the idea in the proof of 
Lemma 7.3. □ 

Lemma 7.5. Let Tp^ be the first time that Ps visits Fq. For any e > 
0, there are £0,^0 > such that for 6 < 5o, with probability greater than 
1 — £, f3s satisfies that if \Ps{ti) — P5{t2)\ < £0 for some ti,t2 > T^^, then 
diam(/35([ti,t2])) < e. 

Proof. From Lemma 7.4, there are M,5i > such that if (5 < 5i, then 
with probability greater than 1 — e/3, qs stays in B(0;-/Vf) after visiting 
/-^(Fn), so Ps stays in f{Dr\B{0;M)) after Tj,^. Let Sf denote this event. 
From Corollary 7.3, there are 62, £1 > such that if 5 < 82, then with prob- 
ability greater than 1 — e/3, i3s{t) G F := $7 \ df^Q for t>a. Let £2 denote 
this event. Let Fq = F \ f{D H {|z| > Af}). Then Fq is a compact subset of 
\ {/(c«)}, so from Corollary 7.2, there is eo > such that with proba- 
bility greater than 1 — e/3, f5s does not contain an (Fq, e/3, eo)-quasi-loop. 
Let £^ denote this event. Let 8q = 5i /\ 82 and = <Sf n H (£"3 . Suppose 
5 < 6q. Then P[£^] > 1 — £. Assume £^ occurs. Suppose ti,t2 > Tp^^ and 
\Ps{ti) — Ps{t2)\ < £o- Since <ff and £2 occur, so Ps{ti) G Fq. Since £^ oc- 
curs, so Ps does not contain an (Fq, e/3, eo)-quasi-loop. Thus Ps{[ti,t2]) C 
B(/35(ti); e/3), whose diameter is less than e. □ 

Theorem 7.1. Let a be a crosscut in M that strictly encloses 0, such 
that H{a) (lVL\{p, /(oo)}. For every e > 0, there zs (5o > depending on a 
and £, such that if 6 < 5q, then there is a coupling of the processes Ps{t) o-rid 
Po{t) such that 

(7.3) P[sup{|/?5(t) -Po{t)\.t& [0,r„(/35) VT„(/3o)]} < e] > 1 - e. 

Proof. Let uq be a crosscut in H that strictly encloses a such that 
H{ao) C \ {p, /(oo)}. Let do = dist(Q, ao) > 0. Since /3o((0, (/3o)]) inter- 
sects Qo, so if Ps and Pq are coupled, then on the event that IPsit) — Po{t)\ < 
do for < t < Tag{Po), we have /^^((O, Tq-q (/3o)]) ^ H{a), which implies that 
TaiPs) V Ta^Po) < TaQ{Po). We may assume e < do. Then we suffice to prove 
this theorem with (7.3) replaced by 



(7.4) P[sup{\ps{t) - Po{t)\:te [0,r„„(/?o)]} < e] > 1 - e. 
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Choose a crosscut ai in H that strictly encloses ao, such that H{ai) C 
f2 \ {p, /(oo)}. Suppose the theorem is not true; then there exist eo > and 
a sequence 5n 0, such that for each there is no coupling of (3s^ with /?o 
such that (7.4) holds with 5 = 5n- Prom Theorem 6.2, and by passing to a 
subsequence, we may assume that for each n, there is a coupling of S^s^ and 
^0 such that 

(7.5) p[sup{|C5„(i) :i e %TM)]} > 1/2"] < 1/2". 

We may assume that all S,5„ and are defined in the same probability space, 
and (7.5) is satisfied. By discarding a null event, we have 

(7.6) Us^-m\Km^o- 

Fix any t E [0, T^j (/3o)]. Suppose F is any compact subset of ]HI\/3o((0, t]). 
From U5„-Co{t)\\t 0, we see that " iff' uniformly on F, and F C ]HI\ 
/35„((0,t]) for all but finitely many n. Thus (]H\/35„((0,t]))n(H\/3o((0,t])) ^ 
]H\/3o((0,t]). From Lemma 5.1, (v^f")"! ^ (9?f )~^ in H = (]H\/5o((0, t])). 
Thus we have M \ ((0, t]) ^ M \ /3o((0, t]) for any t G [0, (/Jq)] . 

We may assume that B(0;eo) n H C H{ao). Since /3o is a continuous 
curve started from 0, so there is 6 > such that with probability greater than 
l — eo/5, Pq is defined on [0,6], and /3o([0,6]) C B(0;eo/4). Let denote this 
event. If £1 occurs, then b < T^^ (Po)- For each n G N, let <ff denote the event 
that Pn is defined on [0, b] and /3n([0, b]) C B(0; eo/3). From (7.6) and Lemma 
5.5, we have C liminf . So there is A^i G N such that P[ff ] > 1 - eo/5 
if n > Ni. 

Let a = 6/2. U£f occurs, then /3o((0, a]) C H{ai) C n\{pJ{oo)}. So there 
is a nonempty compact subset Fi of / (oo)} such that P[^^2] > 1 ~^o/5, 

where is the subevent of £1 on which /3o((0, a]) n Fi 7^ 0. Choose another 
compact subset F2 of 0,\ {p, /(oo)} such that Fi is contained in the interior 
of F2. Let £2 denote the event that is defined on [0, a], and /35„((0,a]) R 
F2/0. If £"2° occurs, then a<r„,(;go), so M \ ^^^^((O, a]) ^ H \ ;3o((0, a]), 
and so dist(2:0)/9(5„((0,a])) — > for any zq £ /3o((0,a]). Thus £2 C liminfiSg • 
So there is iV2 G N such that P[£^] > 1 - eo/5 if n > Af2. Note that if £^ 
occurs, then a > Tp^, where Tp^ is the first time that visits F2. 

From Theorem 6.2 and Lemma 7.5, there are ei G (0,eo) and N-^ G N 
such that if n > A^3, then with probability at least 1 — eo/5, is defined 
on [0,rQ,^(/3o)], and if |/?5„(t2) - P5,A'^i)\ < ei for some ti,t2 > T^^, then 
diam(/35^([ti,t2])) < £o/3. Let iSg denote this event. 

Since Pq is continuous on [a,TQj(/3o)], dist(/3o([a, (/?o)]), M) >0 and 
^00(1^0) < ^Qi(/?o)5 so there is A,/i > such that with probability at least 
1 — eo/5, the followings hold: Tq,^(/?o) — TaQiPo) > A, Im/3o(i) > /i for any 
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t G [a,Taj{Po)], and if ti,t2 G [a, Tq,, (/3o)] and |ti - ^2! < A, then |/3o(ii) - 
/3o(i2)| < ei/3. Let £^4 denote this event. 

Let A = hcap{H{ai))/2. Then T«^(/?o) < ^. Choose iV G N such that 
A/iV < (A A b)/2, and define tfc = « + (71*1 (/?o) - a)k/N, k = 0,l,...,N. 
Then to = ci, tj\f = Tai(/?o) and ti < b, tAr_i > Tq„(/?o). Fix k £ ^v]- Since 

/3o(tfc) G H \ /3o((0, tfc-i]) and M \ ((0, ^ M \ /3o((0, h-i]), so there 

is M^^ G N such that /3o(tfc) ^ /35„((0, tfe-i]) when ?i > M^. Since /3o(ifc) is a 

boundary point of H \ /3o((0, tfc]) and H \ ((0, t^]) ^ M \ /3o((0, tfc]), so 
there is M| G N such that when n > M|, there is z„ G 5(HI\/35„((0,tfc])) with 
- /3o(ifc)| < (ei/3) A /i. If event £4^ occurs, and n> M|, then z„ ^ M 

and z„ ^ /3((0,tfc_i]), which imphes that Zn = [i&S^k) for some Sk G 
Thus if occurs and n> M := V^i (-^fc V M|) , then we have Sk G (tfc-i , tfc] , 
k = l,2,...,N, such that |/35„(sfc)-/3o(tfc)| <ei/3. 

Let L = V^=i A^i V M and = 0^=1 n n £:4. Suppose n>L. Then 
P[£:"] > 1 - £0- Assume occurs. Fix t G [0,r„o(/3o)]. If t < 6, then /35„(t), 
Poit) G B(0;eo/3) because <5j^ and Sf both occur and n > A''i, so — 
Po{t)\ < Eq. Now suppose t>b. Then t G [b,Tao{Po)] C [ti,tAr_i] C [si,SAr]. 
Thus t G [sfc,Sfc+i] for some k G Z[i tv-i]- Since n > M, G [a, Tq-^ (/Jq)], 

|tfc — tfc+i| < A, and £4, occurs, so 

- PsAsk+i)\ < \f3sAsk) - Po{tk)\ + \Mtk) - /?o(ife+i)| 
+ \Po(tk+i) - Ps„(.Sk+i)\ 
< ei/3 + ei/3 + ei/3 = ei. 

Since n > N2 and £^2 occurs, so Sfc,Sfc+i > a > T^^\ Since n> N3, £^ oc- 
curs, and t G [sfc,Sfc+i], so \Ps„(t) - P5r^{sk)\ < eo/3. Since t G [sfc,Sfc+i] C 
so |t — tfcl < A. Since <?4 occurs, so IPoit) — Po(tk)\ <ei/3. Thus 

\P5At)-Poit)\ < \PsAt) - PsAsk)\ + \P5M-Po{tk)\ + mtk)-Poit)\ 

< eo/3 + ei/3 + ei/3 < eo/3 + eo/3 + eo/3 = sq. 

Thus with probabihty greater than I — eq, \(3snit) — Po{t)\ < Eq for < t < 
Tqo(/3o), which contradicts the choice of {6n)- □ 

7.2. Global convergence. We restrict /J^ to [0, T^). Then limf_>r^ /^^(t) = 
f{w^). Recall that Pq is defined on [0,ro), where [0,ro) is the maximal 
interval on which the solution to (6.4) exists. Let B denote the set of contin- 
uous curves /?: [0,r(/3)) -^QUR, for some T(/3) G (0,oo], with ^(0) = and 
P{t) G for t G (0,T(/3)). So T is a function taking values in (0, cxd] on B 
that describes the length of lifetime. Then Pq and Ps are S-valued random 
variables, and T{Ps) = Ts, T{Po) = Tq. 

Let A denote the set of crosscuts a in H that strictly enclose 0, and such 
that H{a) CQ\ {p, f{oo)}. For ai, 02 G A, we write ai -< 02 or 02 >- ai if ai 
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is strictly enclosed by 02- For any (3 £ B and a £ A, let Ta{(3) be the biggest 
T G (0,r(/3)] such that P{t) ^ a for < t < T. It is clear that T^, < T^^ if 
ai -< a2. Define = Aa'ya'^a'- If /? does not leave H{a) immediately after 
hitting a, then r„(/3) < r+(/3). 

Suppose ae A. For /32 G -S, let A(/3i, /J) be if /3i = /32 and 1 otherwise, 
where Pi = /?2 means that T{Pi) = T{(52) and = /?2(t) for < t < T(/3i), 
and define 

dl{Pu[32) = A(/3i,/32) A sup{|/3i(t) - /32(t)| :t G [0,T„(/3i) V TM)]}. 

where the value of the sup is set to be 00 if either (3i{t) or [52{t) is not defined 
at some t in the interval of the formula. Then < < 1 . Now define 

= inf I X] (ia(7fc-i, 7fc) : 70 = 7n = /32, 7fc G G ^[i,n-i] , G n| . 

Then is a pseudo-metric on B, and da<d^. For a £ A, (3i £ B and r > 0, 
let Bcj(/3i;r) = {f3 £ B : da{P, f3i) <r}. Let 7^ denote the topology generated 
by da- It is clear that if ai ^ 02 , then < d^^i so < d^j, from which 

follows that Ta^ C 7^2- L^t 7^+ = Cla'^a'^a'- 

Lemma 7.6. Suppose ai ~< a2 £ A and do = 1 Adist(ai, 02) > 0. Suppose 
(3i,f32&B, and da^ {Pi, (32) < do- Then d'^^{Pi, P2) < daiiPi, P2) ■ 

Proof. Choose di £ {da2{Pi, P2),do)- Then there are 7o,7i,---,7n ^B 
such that 70 = /3i , 7„ = P2 and J2]=i da^ ilj-i, Ij) < di - For each j £ Z[i , 
since (i^(7j_i, 7^) < di < 1, so 

dl2i7j-i,lj) = sup{|7j_i(t) - 7i(i)l :0 < t < Ta^ijj.i) V T^^ilj)}- 

Let to = VTqj (/32)- Assume, for example, that to = = Taj (70)- 

We claim that to < 2^a2(7j) fo'^ ^-^y < j < n. Since to = Ta^ (70) < ^112 (7o)) 
if the claim is not true, then there is k £ Z[i,n] such that to > Ta2i'yk) and 
to < Ta2 (7j) for < i < /c - L Let ti = T^^ (7fc)' So h £ [0, T^^ (7^)] , < j < /c. 
Then we have 

k k 

do > di > E <(7j-i'7j-) > E 1 ^ l7i-i(ii) - lj{ti)\ > 1 A |7o(ti) - 7fc(ti)|. 
j=i j=i 

Since to is the first t such that Pi{t) £ ai, and ti < to, so 70 (ti) = Pi{ti) 
is enclosed by ai- Since 7A;(ti) e 02 and ai ^ 02, so |7o(ti) — 7fc(ii)| > 
dist(ai,a2)- This implies that 1 A |7o(ii) — 7A:(ii)| > do, which is a contra- 
diction. So the claim is justified. 
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Thus for any t G [0, to] , we have t £ [0, T^j (7^)] for any < j < n, so 

\Pi{t) - m\ < E l7,-i(t) - lj{t)\ < f:<(7,-i,7,) < di. 

Since this is true for any t G [0,to] = [0)^ai(/9i) VTq,^(/32)] and di G (daiiPi, 
P2),do), so<(/3i,/32)<da,(/3i,/32). □ 

Lemma 7.7. {r+^ < Taj G T^^ for any ai, 02 G ^. 

Proof. Fix any a'/ G A such that a'/ ;^ ai. There is a'l G A with a'/ ;^ 
a']^ >~ ai. Suppose /3i G {T^^ < T^j}. Then there is a > such that a < 
T^/ A Ta^iPi) and /3i(a) ^ ii"(ai). Let do = 1 A dist(/3i(a), iJ(Qi)) A 
dist(a']^, a'/) Adist(/3i([0, a]), 02) > 0. Suppose P2 G Bq"(/3i; do) - Trom Lemma 
7.6, d^, (/32,/3i) < do. Since do < 1, so \(32it) - (3i{t)\ < do for < t < r,;(/3i). 
Since a < T^i (Pi), so |/?2(i) — < do for any t G [0, a]. Since /?i([0,o]) 

is strictly enclosed by 02, and do < dist(/3i([0, a]), a2)5 so /?2([0,a]) is also 
strictly enclosed by 02, which implies that a < Ta^{(32)- Since \[i2{0') — 
/?i(a)| < do and do < dist(/3i(a),ff(ai)), so /32(a) ^ H{ai), which implies 
that r+(/32) < a. Thus T+{P2) < To,,ip2), that is, p2 e {r+ < r„J. So 
B^/^/(/3i;do) C {r+^ < Taj}. Thus {r+^ < T^j} G 7^'^'. Since a'/ ^ ai is chosen 
arbitrarily, so {T+ < T^^J G r+. □ 

Lemma 7.8. Suppose qi, 02 G ^ and B eT+^. Then B n {r+^ < TqJ G 

J. ■ 

Proof. Fix /3i G i? n {r+ < T^j}. Then there is a > such that a < 
Ta2iPi) and /?i(a) ^ if(ai). We may choose a'l >- a and a2 -< 02 such that 
Pi{a) ^ H{a'i) and /?i([0,o]) is strictly enclosed by Q2. Since B G 7^^ C 7^' , 
so there is do > such that B^/ do) C B. Let di = 1 Ado Adist(/3i(a), i?(a']^)) A 
dist(a2)«2)- Suppose /32 £ Bo2(/3i;di). From Lemma 7.6, d^/ {^2,^1) < di. 
Since di < 1, so \p2(.t) - Pi{t)\ < di for < i < T„/_(/3i). Since a < T^'^iPi), 
so |/32(t) < di for < i < a. Since di < dist(/3i(a),iJ(Q;'i)), so /?2(a) ^ 

H{a'i). Thus T^/^(/?2) VT^/ < a. So we have 

d„; (/?2, < d^, (/?2, /3i) < sup{|/32(t) - /3i(t)| : < t < a} < di < do. 

Thus P2 G B^/ (/3i;do) C B. Since /3i([0,a]) is strictly enclosed by 02, a2 ^ 
02, and |/?2(i) — < di < dist(a2, 02) for < t < a, so /32([0, a]) is strictly 
enclosed by 02 ■ Thus T+ (/?2) < T^;(/32) < a < T„2(/32), that is, /32 G {T+ < 

r„j. SoB„,(/3i;di)csn{r+ <r^j. Thus 5n{T+ <r„j gt^^. □ 

Corollary 7.4. {r+ < Tq^} G 7^2 /or an?/ 01,02 G -4. 
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Let fis and /io be the distribution of Ps and /3o, respectively. Prom The- 
orem 7.1, for any a £ A, us ^ fJ-o weakly w.r.t. da, as 6^0. Suppose A is 
a nonempty finite subset of A. Let dA = \J a&A da and Ta be the topology 
generated by dA- So Ta = \I a&A'^A- For jSi^B and r > 0, let B^(/3i;r) := 
{/3G^:dA(/3,/3i)<r} = na6AB(/3i;r). Let B\:= {M a^j,T+ <T}, that is, 
the set of P G B that are not contained in UaGA H{a). 

Lemma 7.9. {B\,dA) is separable. 

Proof. Por r G Q>o, let denote the set of continuous curves 7 : [0, r] ^ 
J7 U M with 7(0) = and 7(t) G for t e (0,r]. Then Cr is a subset of 
C([0,r],C). Let d,. be the restriction of || • ||r to Cr, that is, (ir(7i5 72) = 
sup{|7i(i) — 72(^)1 : < t < r}. Then {Cr, dr) is a subspace of (C([0, r], C), || • 
so is separable. Let {7r,n : n G N} be dense in {Cr,dr). Por each r G Q>o 
and n G N, we choose /?r,n £ such that T{[jr,n) > f and (ir,n{t) = Jr,n(t) for 
< t < r. Then {Pr,n ■ r G Q>o, n G N} is countable. 

Suppose /3i G and do > 0. There is ro G Q>o such that VogA ^q)"(/5i) < 
ro < T{Pi). Por each a G A, there is C (0,'ro) such that ^ H{a). 

Let di = /\^g^ dist(/3i(tQ), ff(Q)) A do > 0. Prom the denseness of {7ro,n : S 
N} in (Q,^^^), we have no G N such that |/3ro,no(*) - = l7ro,no(*) - 

< di for < t < tq. Pix a G ^. Since |/3ro,no(ia) - < di < 

dist(/?i(t„),i/(a)), so /3ro,no(ia) ^ -H'(a)- Thus To,{(3ro,no) < Tq < T{(3ro,no)- 

Since this is true for any a G A, so Pro,no ^ -^a- Since 

da{Pro,no,Pl) < d^ , /?i ) < sup{|/?,o,„„ (t) - Pi{t)\:0< t<ro}<di< do 

for any a G j4, so dA{Pro,no, Pi) < ^o- Thus {Pr,n}(^B^ is dense in {B\,dA)- 
□ 

Theorem 7.2. ^5 — > /io weakly w.r.t. dA, as 5— >0. 

Proof. Suppose j4 = {ai,...,a„}. The case n = 1 follows from The- 
orem 7.1. Now suppose n > 2. We suffice to show that for any G G Ta, 
liminf5^oAi5(G) > fio{G)- 

We may find polygonal paths € A, 1 < j <n, such that >- aj for each 
j, and such that for j ^ k, any line segment on is not parallel to any line 
segment on a^. Pix j G „]. List the vertices on in the counterclockwise 
order as Zq, z^, . . . , z^. We may find Zq > 0> zj^, and z| G 1 < < m — 1, 
and let a] = Ur=i^(4-i'4] U such that ^ 9 a] ^ a°, [4-i,4] 

is parallel to [z^_i,2:°] for l<k<m, and [2;°, 2:/] n = for 1 < / < 

k <m. Por r G [0, 1], let Zk{r) = z^ + r{z\ — z^), < k < m, and let aj{r) = 
[jT=ii^k-iir),Zkir)]iJizm-iir),z^{r)). Then aj(r) G ^ for all r G [0, 1], and 
aj{s) -< aj{r) if < s < r < 1. And for any s G [0, 1), if aj{s) ^ a £ A, then 
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there is r G (s, 1) such that aj{r) -< a. Thus for any P £ B, we have that r i— > 
Taj{r){P) is increasing on [0, 1], and for any s G [0, 1), T+(^-| = lim^is .(,.), so 

there are at most countably many r G [0,1] such that ^J". (j.) (/?) > T^j{r){P)- 

So there is rj £ (0, 1) such that ^o({T)^.(r^,) > ^aj{rj)}) = 0. For j = l,...,k, 

let aj = aj{rj), then aj ^ q|, and /.io({T^ > T^2}) = 0. 

Suppose j ^ k £ Since any line segment on aj is not parallel to 

any line segment on q|,, so Sj^k := a| H a| is a finite set. If for some j 7^ 
k and (3 G B, T^2{(3) = T^2{j3) < T{(3), then /? must pass through S'j^fc- 
From Theorem 3.1(ii), we have T 2 (/3o), T 2 (/Jg) < r(/3o). Thus {T 2(/3o) = 

i fe j 

'^aliPo)} C {/3o passes through Sj^k}- From the property of chordal SLE2, 
for any zq gQ, the probability that /?o passes through is 0, which implies 
P[/3o passes through Sj^k] = 0, so fio{{T^2 = T^2}) = 0. 

For j G Z[i,,], let = Z[i,,] \{j} and b] = {V^/^. T+ < T^a} = n^G/.l^^ < 
r„2}, which belongs to 7^2 from Corollary 7.4. Then . . . , i?„ are mutually 
disjoint. Let N = B\ U^i Bj. Then 

ivc U {r+>T„2}u U {r„2=r,2}. 

l<j<n ^ l<j<k<n 

Thus /io(iV) = 0. Fix j G „i . If 5 G T^, , then S G T„2 , so 5 n S,- G T^2 . If 

L > J J j j 

B G 71, for some k G Ij, then S G Tij . From Lemma 7.8, we have BCiiTX < 
r„2} G T„2. Thus BnBj = Bn {r+2 < r^2} n G T„2. Let T;- denote the 
collection of sets B C B such that B f] Bj G 7^2 . Then Tj is a topology. We 

have proved that 7^^. C Tj for any A; G Z[x,„]. Thus 7^ = Vfc=i'^j C 7^-. 

Suppose G G 7^. Let Gj = GCiBj, 1 < j < n. For each j G Z[i , since G G 
T4 C 7^-, so Gj = GriBj G 7^2. Since fis Mo w.r.t. d^2, so liminf^io f^siGj) > 
fj,o{Gj). Since G is the disjoint union of G n and Gj, 1 < j < n, and 
^o(GniV) = 0, so 

n n 

liminfM5(G) > ^ liminf //^(Gj) > XlMo(Gj) = /io(G). 
^ j=i i=i 

Since this is true for any G G Ta, so we have fis — > Mo weakly w.r.t. cIa, 
as 5 ^ 0. □ 

We may find a sequence {a„ : n G N} in ^ such that for any a £ A, there 
is n G N such that a„ >- a. For n G N, let T„ = V"=i • Then for any P^B, 
V~ iT„(/3) = V„g^r„(/3). If Po does not visit /(cx)/, then V^=iT;(/3o) = 
T{Pq) = Tq. From the property of chordal SLE2, Po does not visit /(oo) a.s., 
so VJ^Li r„(/?o) = To a.s. 
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Theorem 7.3. For any n G N and e > 0, there is 5{)> Q such that if 
5 <5q, then there is a coupling of Ps o^nd (5q such that with probability greater 
than 1 - e, \ps{t) - < e for t £ [0,r„(/3o)]. 



= {qi, . . . ,a„}. Prom 

Ze, SO f{wf) -^p^ 



Proof. Por each 1 < j < choose aj >- aj. Let A ■ 
Theorem 3.1(ii), we have Pq G B~^. As 5 — > 0, ^ 
\J^^^H{a). There is 5i > 0, such that if 5 < 6i, then f{w^) ^ \J^^y^H{a), 
so Ps £ ^A- Thus jj.0 and fis are supported by B\ when 6 < 6i. Prom Theo- 
rem 7.2, — > weakly as (5 ^ 0, w.r.t. dA- Prom Lemma 7.9, is 
separable. So from the coupling theorem in [3], there is 6o £ {0,6i) such that 
ii 6 < 6o, there is a coupling of Ps and Pq such that 



(7.7) 



dAiPsjPo) < /\ dist(aj,aj) A 1 Ae 



> 1 - e. 



Assume dA{Ps, Po) < Aj=i dist(aj, cij) A 1 Ae. Then for each j € {1, . . . , n}, 
we have dajiP5,Po) < dist(Q;j, cij) A 1 A e, which implies d^.{Ps,Po) < 1 A e 
from Lemma 7.6, so \p5{t) - /3o(t)| < 1 Ae for < t < T^^ {Ps)VT&j (po). Since 
TniPo) = y'-=iT&,{Po), so \Ps{t) - Poit)\ < e for t G [0,T„(/3o)]. □ 



Theorem 7.4. (i) For any a£ A, n G N and e > 0, ^/lere is 5o>0 such 
that if S < 6q, then there is a coupling of Ps and Pq such that with probability 
greater than I -e, \f~Hp5{t))-f-\pom<£forte[T^{po),TniPo)]. 

(ii) Suppose 0+ is degenerate. Then for any n G N and e > 0, there is 
So> such that if 5 <5q, then there is a coupling of Ps and Pq such that with 
probability greater than 1 - e , If-'^iPsit))- f-'^{Po{t))\ <efort£ {0,Tn{Po)]. 



Proof, (i) Since Po{[Ta{Po),Tn{Po)]) is a compact subset of r2\ {/(cx))}, 
on which /"^ is continuous in Euclidean metric, so there is eo > such that 
P[£i] > 1 — e/2, where £i is the event that \ f~^{z2) — /~^(-Zi)| < & for any 
zi G Po{[Ta{Po),Tn{Po)]) and Z2 £ ^ with \z2 — zi\ < Eq. Prom Theorem 7.3 
there is 5o > such that if 5 < 5q, then Ps and Pq can be coupled such that 
with probability greater than 1 - e/2, \Ps{t) - Po{t)\ < eo for t G [0,Tn{Po)]- 
Let £^ denote this event. Let £^ = £in£^. Suppose 5 <5o. Then P[£^] > 
1 - e. Assume occurs. Then for t G [r„(/3o), Tn(/3o)], \Ps\t) - Poit)\ < eo, 
so \ f-HPsit))-f-HPom<e. 

(ii) Suppose 0+ is degenerate. Prom [13], / ^ extends continuously to 
n U {0}. Since /3o([0, r„(/?o)]) is a compact subset of (0 \ {/(oo)}) U {0}, so 
the above argument still works here. □ 

Let 7o = f~^ o Pq and 75 = f~^ o Ps. Then 70 is a time-change of 70, and 
75 is a time-change of qs- 
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Theorem 7.5. limj_>5o 7o(t) = limt-^To 7o(*) = Ze almost surely. 

Proof. Let L be the set of spherical subsequential hmits of %{t) as 
t Tq. We first claim that L n d'^D = a.s. If the claim is not true, then 
there is eo > such that P[L n d*D / 0] > eo- Since 7o([ri(/3o),r2(/3o)]) C 
D \ {ze,oo}, SO for every e > there is a compact subset Fi oi D \ {zg, oo} 
such that P[£o] > 1 — eo/3, where Sq is the event that %{[Ti{Pq) ,T2{l3o)]) 
intersects Fi. Let F2 be a compact subset of \ {ze,oo} such that Fi is 
contained in the interior of F2. Let do = dist(Fi, 9i<2) > 0. From Lemma 
7.3, there are ei,6i > such that if 6 < 61, then the probability that 75 
visits d*D after F2 is smaller than eo/3. Since P[7o([r2(/?o), Tq)) n (9*^2^ / 
0] > £0 and To = V5?Li TniPo) a-S-, so there is no G N such that P[<?i] > £0, 
where £1 is the event that 7o([r2(/3o), T„(, (/3o)]) n (9*^2^ / 0. Note that 
Ti =T^^. From Theorem 7.4(i), there are 82 < Si and a coupling of 7^3 
with 70 such that with probability greater than 1 — eo/3, \'ys2i't) ~ 7o(i)| < 
(ei/4) A do for t £ [ri(/3o), r„p(/3o)]. Let £2 denote this event. Since 62 < Si, 
so the probability that 7^2 does not visit df^D after F2 is greater than 
1 — eo/3. Let £3 denote this event. Let £ = f]^^Q£j. Then P[<£^] > 0. So £^ is 
nonempty. Assume £ occurs. Since £0 occurs, so there is to £ [Ti{Po),T2{Po)] 
such that 7o(io) £ -^i- Since £2 occurs, so 17^2 (^o) — 7o(^o)| < do, which implies 
that 752(^0) S F2. Since £1 occurs, there is ti G [T2{(3o),Tng{l3o)] such that 
7o(ti) G d%i2^- Since £2 occurs, so dist*(752 (ti), 7o(ti)) < 2dist(752(ii) - 
7o(ti)) < ei/2, which implies that 752(^1) & df^D. Since to < T2(/3o) < ^i, so 
752 visits df^D after F2, which means that £3 cannot occur. So we get a 
contradiction. Thus L n d'^D = a.s. 

Second, we claim that diam'^(L) = a.s. If the claim is not true, then 
from the last paragraph we have P[diam*(L) > 0, L C D] > 0. Then there 
are zo^ D\ {00} and ro, eo > such that B(zo; 4ro) C D and the probability 
that L n B(zo;ro/2) / and L \ B(zo;4ro) / is greater than eo- Let £0 
denote this event. From Corollary 7.1, there is ei > such t hat with probabil- 
ity greater than 1 — eo/2, 75 does not contain a (B(zo; ro), ro, ei)-quasi-loop. 
For n G N, let £q denote the event that there are ti<to<t2< Tn{(3o) with 
7o(*i), 70(^2) G B(zo;ro/2), |7o(ii) - 7o(*2)| < ei/3, and 7o(to) ^ B(2;o; 3ro). 
If £0 occurs, then since To = V^^Li 7n(/3o) a-S-, and (3o{t) has subsequen- 
tial limits, as t ^ To, inside B(2o;ro/2) and outside B(2;o;4ro), so some 
£0, n G N, must occur. Thus £0 C U^i'^o • Since P[<So] > eo, and {£^) is 
increasing, so there is no G N such that F[£q°] > eo. Choose a G A such 
that f-^{H{a))nB{zo-Aro) = 0. Fr om Theorem 7.4, there are ^o > and 
a coupling of jso and 70 such that with probability greater than 1 — eo/2, 
llSoit) - lo{t)\ < (ro/2) A (ei/3) for t G [T„(/3o),T„„(/3o)]. L et £1 den ote this 
event. Let £2 denote the event that does not contain a (B(2;o; ro), ro, ei)- 
quasi-loop. Then P[<?2] > 1 — eo/2 from the choice of ei. Let £ = £q'^ n 
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£ir\ £2- Then P[f] > 0. So £ is nonempty. Assume £ occurs. Since <5o° 
occurs, so there are ti < to < ^2 < ^nol/^o) with 70 (ii), 70(^2) G B(zo;ro/2), 
l7o(ti) - 7o(*2)| < ei/3, and 70(^0) i B(zo;3ro). For j = 1,2, since 7o(tj) e 
B(zo;ro/2), so Poiij) H{a), which imphes that tj > Ta{(3o). Since £1 oc- 
curs, so \75o{tj)-^o{tj)\ < (ro/2)A(ei/3), J = 1,2, and |75o(*o)-7o(io)| < ro, 
which imphes that 750(^1) G B(zo;?-o), l7<5o(*i) " 7.^0 ( ^2) I < £1 and 75o(to) ^ 
B(zo;2ro), so |75o(to) -75o(*i)l > '^o- So we find a (B(zo; ^o), ro, ei)-quasi- 
loop on 7^0, which contradicts £2- So P[diam*(L) > 0] = 0. 

Thus almost surely L is a single point in D, which means that limt-^To 7o(0 
exists in the spherical metric and lies in D. Now we claim that limt^To 7o(^) ^ 
7o([0,To)) a.s. If the claim is not true, then there exist zq £ D and ro > 
such that with a positive probability, we have limf ^j-g 70 (t) G 7o([0,ro)) n 
B(zo;ro/2) and 7o([0,To))) ^ B(zo;4ro), so we can use an argument that is 
similar to the last paragraph to find a contradiction. Note that almost surely 
7o does not visit 00. Thus almost surely we may extend 70 to be a simple con- 
tinuous curve defined on [0,Tq] such that 7o(To) € D \ {00}. If P[7o(To) 7^ 
Ze] > 0, then there is no G N such that the probability that 7o([0,ro]) is 
enclosed by f~^{ano) is positive, which contradicts Theorem 3.1(ii). Thus 
P[7o(To) = Ze] = 1. Since 70 is a time-change of 70, so limt^Sg 70 (t) = 
limt^To 70 (0 = Ze a.s. □ 



Proof of Theorem 4.2. (i) Choose r > such that B := B(ze;r) C D. 
From Corollary 7.1, there is £ (0,e) such that the probability that 75 does 
not contain a (B, e/6, eo)-quasi-loop is greater than 1 — e/3. Let £q denote 
this event. There is 61 such that if 5 < Ji, then — Ze| < r A (eo/3). From 
Theorem 7.5, we have limt-,To 7o(0 = Ze a.s. Since To = V^^i Tn{Po) a.s., so 
there is no G N such that with probability greater than 1 — e/3, the diam- 
eter of 7o([r„(,(/3o),?o)) is less than eo/3. Let £1 denote this event. Choose 
a£A such that f-\H{a)) C U. Then TM) < Tu{^o). From Theorem 
7.4(i), there is 5q < 61 such that if 6 < 60, then there is a coupling of 75 and 
7o such that with probability greater than 1 — e/3, \^S2{'t) — 7o(*)| < £o/3 
for t G [Tr;(7o),r„o(/3o)]. Let £2 denote this event. Let = n n . 
Suppose S < So- Then P[£^] > I — e. Assume £^ occurs. Let Tg = T„p(/3o). 
Then \js{t) - 7o(t)| < eo/3 < e/3 for rc7(7o) <t<Te. And \js(Te) - w^l < 
\js{Te) - 7o(^e)| + \7o{Te) - Ze\ + \ze - We\ < Eo- Since "jsiTs) = -wf G B and 
75 does not contain a (B, e/6, eo)-quasi-loop, so the diameter of ^s{[Te,Ts)) 
is less than e/3. Choose u that maps [Tu{jq),Ts) onto [Tu{jq),Tq) such that 
u{t) = t for r[/(7o) <t<Te; then \^s{u~\t))-^o{t)\ < e for rc;(7o) < t < Tq. 
Since 75 and 70 are time-changes of qs and 70, respectively, so the proof of 
(i) is finished. 

(ii) If 0-(_ is degenerate, then we use Theorem 7.4(ii) in the above proof. 

□ 
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8. Other kinds of targets. 

8.1. When the target is a prime end. Now we consider the case that the 
target is a prime end. We use the notation and boundary conditions given 
in Section 4.2 for the discrete LERW aimed at a prime end We- Suppose / 
maps D conformahy onto an almost EI domain $7 such that /(0+) = 0. 

We win go through the propositions in Sections 6 and 7, and explain how 
they can be modified to prove Theorem 4.2 in this case. We only consider 
for 5 G A^, so the words "(5 < *" should be replaced by "5 G M and 5 < *," 
and the words "5 0" should be replaced by "(5 along M." 

Let and P^{t,x,-) be notation in the case that the target is a prime 
end defined in Sections 3.4 and 4.1. Then all lemmas in Section 6.1 still 
hold. For Proposition 6.1, redefine Px to be the generalized Poisson kernel 
in Dx with the pole at Tip(X), normalized by d^Pxiwe) = 1; let hx be 
defined on V{D^) that satisfies hx = ^ on Vd{D^) U Set(X) \ {Tip(X)}, 
^D^^x = on Vj{D^) \Set(X), and Aj^shxiwe) = 1. Proposition 6.1 should 
be restated as Proposition 8.1 below, which together with Proposition 2.1 
implies Proposition 6.2, and then all theorems in Section 6.2. 

Proposition 8.1. For any e > 0, there is 6o > such that if 6 £ M 
and S < 6o, then for any X G , and any w G V{D^) n{D\ H{p2)), we have 
\5 ■ hx{w) - Px{w)\ <£. 

Proof. Fix G -D \ H{p2) and let Wq be a vertex on that is clos- 
est to zq. For 5 £ M and X £ , let g\{w) = hx{w) /hx{wQ). Then from 
Proposition 6.1, g\ converges to the generalized Poisson kernel P^ in Dx 
with the pole at Tip(X), normalized by P^{zq) = 1, uniformly on D\H{p^) 
for any crosscut in D such that H{pi) C H^p^) and jyTrifj^ = 0. Since dD 
is flat near We, and gj^ vanishes on dD near We, so g^ can be naturally ex- 
tended to be a discrete harmonic function on nB(we; '"o) for some tq > 0. 
We may also extend P^ to be a harmonic function defined in B{we',rQ) by 
the Schwarz reflection principle. Then we can prove that the discrete partial 
derivatives of g^^ approximate the corresponding partial derivatives of Pj^ 
locally uniformly in B(u;e;ro). Especially, we have (5x(^e) ~5x('"^e))/5 — > 
dnPxiwe) as J— > 0, because is the unique adjacent vertex of We in D^ . 
Note that Ajjsgxiwe) = ffxl^e) ~ dxi'^e)- From the definition of gx, we 
have Aj^shx{we)/{6 ■ hxiw^)) dnPxiwe) as 5 — > 0. Since Ajjshx{we) = 1, 
so l/{5-hxiw^o))^9nP^{we) as (5 ^ 0. Thus 5 ■ hx{w) = gx{w) ■ 6 ■ hx{wf^) 
converges to Px{w)/dnPxi''^e) = Px{w) uniformly on D \ H{p2). □ 

In Section 7, redefine to be a random walk on D^ started from 
stopped when it hits Vq{D^)., and Yyj to be that X^, conditioned to hit 
Vq{D^) at We- Then is the loop-erasure of Y^. Lemma 7.2 still holds. 
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For the proof, we argue on 1^ instead of the reversal path. Then Corohary 
7.1 and Corollary 7.2 immediately follow. Let Fd (resp. Fq) be a compact 
subset of \ {oo} [resp. 17 \ {/(oo)}]. Lemma 7.4 still holds. Lemma 7.3, 
Corollary 7.3 and Lemma 7.5 should be restated as Lemma 8.1, Corollary 
8.1 and Lemma 8.2, respectively, whose proofs are similar. Then we have 
Theorem 7.1. 

Lemma 8.1. Suppose Ue is a neighborhood of We in D. Then the prob- 
ability that Ys or qs visits {D \ Ue) H df'D after visiting Fj:, tends to as 
e — > and 5 — > along M. . 

Corollary 8.1. Suppose Ue is a neighborhood of f(we) in Q. Then the 
probability that (3s visits ((7 \ J/g) n df"^ after visiting Fq tends to as e — > 
and 6^0 along M. 

Lemma 8.2. Suppose Ue is a neighborhood of f{we) in Vl. LetTp^ (resp. 
Tg ) be the first time hits Fq (resp. Ue). For any e > 0, there are Eq, So> 
such that for 5 < 6q, with probability greater than 1 — e, (3s satisfies that if 
\f3s{ti)-Ps{t2)\<eo for some ti,t2 G [T^^,T^], then diam(/?5([ti, ta])) < £■ 

In Section 7.2, keep B unchanged, but redefine A to be the set of crosscuts 
a in HI such that a strictly encloses 0, H{a) C \ {/(oo)}, and H{a) is 
bounded away from f{we). Then Theorems 7.2, 7.3 and 7.4 still hold. Using 
Lemma 8.3 below, we can prove Theorem 7.5 with Ze replaced by We, and 
finally Theorem 4.2. 

Lemma 8.3. For r > 0, the probability that qs visits D \ B(u;e;r) after 
D n B(u;e;e) tends to as e — > and 5^0 along M. 

Proof. Let be that Xw conditioned to leave D through [6,0]. Let 
qs = LE(y^). Then q"^ has the same distribution as the reversal of qs. Let 

Py be the probability that Y^'g visits D n'B{we;£) after D \ 'B{uje;r). We 
suffice to prove that Py tends to as e — > and 5 — > along Ai . 

We may assume that e < r < re/2, where re > satisfies B(we; re) Ci D = 
{we + oM) n B(tMe;7'e) for some a G {±l,ibi}. Let Q{w) be the probability 
that Xyj leaves D through [5, 0] . Let Px be the probability that X^s visits 
L'nB(i(;e;e) after D\'Q{we;r), and leaves D through [5,0]. Then Py = 
Px/Q{wt)- Let Qr{w) be the probability that X^ reaches D \ 'B{we;r). 
Then Fx < Qrj we) sup{Q {w) ■.w£B{we;e)nD}. Choose zq £ D and ro > 
such that B := B(2;o;'"o) C D. Let Qb{w) be the probability that Xy^ visits 
B before dD. Then Q{wi) > ) inf{Q(w;) : t/; G B}. Thus 



(8.1) 



Py< 



Qr{We) SUp{Q{w):UJ eB{uJe;£)nD} 

QB{wi) ini{Q{w):w(^B} 
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Let Wq be a vertex of closest to zq. As S ^ along Ai, Q{-)/Q{wq) 
converges to the generalized Poisson kernel P va. D with the pole at 0+, 
normalized by P{zq) = 1, uniformly on any subset of D that is bounded 
away from 0+. Thus 

(8.2) sup{Q(w;) -.w ^^{we]e) r\ D} / inf {Q(i«) : u; G 5} ^ 

as e — > and 5^0 along M . 

As (5 ^ along M, Qb converges to H{D \ B,dB;-) in D\B. Let 
U = D n ^{we;r) and p = {\z — We\ = r} n D. As 6 ^0 along M, Qr con- 
verges to H{U,p;-) in U. Since dD is flat near We, so Qr and Qb extend 
to be a discrete harmonic function on r\{DU ^{we] r)). So the discrete 
partial derivatives of Qb and Qr converge to the continuous partial deriva- 
tives of H{D \ B,dB; ■) and H{U,p;-), respectively, in D U 'B{we]r). Thus 
QBiw^e)/^ dnH{D \ B,dB;We) and Qriwi)/5 dnH{U,p;We) as 5 ^ 
along M. So we have 

(8.3) Qr{wi)/QB{wt) ^ dr,H{U, p; We)/dnH{D \ B, dB; We) 

as 5 — > along M.. The conclusion follows from (8.1), (8.2) and (8.3). □ 

In the proof of Lemma 8.3, we consider the LERW curve gj, which has 
the same distribution as the reversal of qs- If dD is flat near 0, then we 
have the convergence of to a continuous LERW(£'; We 0+) trace. From 
the conformal invariance of continuous LERW, we have the reversibility of 
continuous LERW. 

Corollary 8.2. Suppose wi ^ W2 are two prime ends of D. For j = 
1, 2, suppose ")j{t), <t < Sj, is an LERW(D; wj f^s-j) trace. Then there 
is a random continuous decreasing function Ur that maps (0,6*1) onto (0,6*2) 
such that (71 oii~^(t), < t < S2) has the same distribution as (72 (i), < t < 
62). 

8.2. When the target is a side arc. Now we consider the case that the 
target is a side arc. We use the notation and boundary conditions given in 
Section 4.2 for the discrete LERW aimed at a side arc /g- Let / map D 
conformally onto an almost IHI domain O such that /(0+) = 0. 

We will modify the propositions in Sections 6 and 7 to prove Theorem 4.2 
in this case. Recall that if le is not a whole side, then we only consider for 
6 e M, so the words "5 < *" should be replaced by "(5 e M and 6 < *," and 
the words "(5 0" should be replaced by "5 along If Ig is a whole 
side, we may consider for any small 6. For consistency, let A4 = (0, 00) 
in this case. 

Let xf and P^{t,x,-) be notation in the case that the target is a side arc 
defined in Sections 3.4 and 4.1. Then all lemmas in Section 6.1 still hold. For 
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Proposition 6.1, redefine Px to be the generalized Poisson kernel in Dx with 
the pole at Tip(X), normalized by d^Pxiz) ds{z) = 1; let hx be defined 
on V{D^) that satisfies hx = on VqId^) U Set(X) \ {Tip(X)}, Aj;)shx = 
on Vj{D^) \Set(X), and J^wei^ ^D^^xiw) = 1- Then Proposition 6.1 should 
be restated as Proposition 8.2, which together with Proposition 2.1 implies 
Proposition 6.2, and then all theorems in Section 6.2. 

Proposition 8.2. For any e > 0, there is Jq > such that if 6 £ M 
and 6 < Sq, then for any X G , and any w G V{D^) H (D \ H{p2)), we have 
\hxiw) - Px{w)\ <£. 

Proof. Let zq, Wq, h'x and P^ be as in the proof of Proposition 8.1. 
Then we have the convergence of h^ to P^. Now we suffice to prove that 
Y.weil ^D^h\{w) Jj^ dryP%{z) ds{z) as 5 ^ along M. 

We first consider the case that /g is a whole side. Then we may choose 
a polygonal Jordan curve a in D that disconnects /g from other sides of 
D, such that a is disjoint from p2, and every line segment on a is parallel 
to either the x or y axis. Let U{a) denote the doubly connected domain 
bounded by and a. Since P^ is bounded and harmonic in U{a), so we 
have 

(8.4) / 5nPl(z) ds{z) = - I dnP^iz) ds{z), 

where n is the inward unit normal vector on the boundary of U{a). 

Suppose 6 is smaller than the Euclidean distance from a to p2 and any 
side of D. Let G be the subgraph of spanned by the set of edges in 
that is incident to at least one vertex in U{a). Let A be the set of vertices 
of G on /e, and let B be the set of vertices of G in D \ U{a). From Lemma 
6.6, we have 

(8.5) J2^Dsh'xiw) = - J2 {h\{w)-h\{w')), 

well (w,w')&Va 

where = {{w,w'):w£ V{D^) n U{a),w' £ Vi{D^) \ U{a),wr^w'}. 

Since the discrete partial derivatives of h^ converge to the corresponding 
partial derivatives of P^ uniformly on o", so as 5 —> 0, we have 

Y: {h\{w)-h'Aw'))^ f d^P'Az)ds{z). 

This together with (8.4) and (8.5) finishes the proof of the first case. 

The second case is that /g is not a whole side. We assume that dD is 
flat near the two ends zl and of I. We may choose a polygonal cross- 
cut a in D composed of line segments parallel to x or y axis, such that its 
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two ends approach to z], and Zg, respectively, and cr disconnects /g from 
dD \ If,. Since is bounded and harmonic in H{a), so /^^ d^Pxi^) ds{z) = 
— dnPj^iz) ds{z), where n is the inward unit normal vector on the bound- 
ary of H[a). An argument similar to the last paragraph gives 

Y,^j,sh\{w) = - {h\{w)-h\{w')), 

where = {{w, w'):we V{D^) n H{a),w' G Vi{D^) \ H{a),w ~ w'}. So we 
suffice to show that 

(8.6) J2 {h\{w)-h\{w'))^ j d^Pl{z)ds{z) 

as (5 — > along Ai. To prove this, we use the flat boundary conditions at 
w], and wl to extend h\ and harmonically across dD near w], and w1. 
Since a is compact in the extended domain: D unions two balls centered at 
w], and w1, respectively, so we get the uniform convergence of the discrete 
partial derivatives of hPx to the corresponding partial derivatives of on 
(T. Then we are done. □ 

In Section 7, redefine to be a random walk on started from w, 
stopped when it hits Vq{D^), and to be that conditioned to hit 
Vq{D^) at Ig . Then is the loop-erasure of Y^. Lemma 7.2 still holds, and 
Corollaries 7.1 and 7.2 immediately follow from this lemma. Let Fd (resp. 
Fq) be a compact subset of L> \ {oo} [resp. Q. \ {/(oo)}]. Lemma 7.4 still 
holds, and Lemma 8.1, Corollary 8.1, and Lemma 8.2 hold with We replaced 
by Ig. Using this, we can obtain Theorem 7.1. 

In Section 7.2, keep B unchanged, but redefine A to be the set of crosscuts 
a in H that strictly encloses 0, such that H{a) C \ {/(oo)} and H{a) is 
bounded away from f{Ie)- Then we have Theorems 7.2, 7.3 and 7.4. Let 
75 = o f3s and 70 = o /Jq. Using Lemma 8.4 and Theorem 8.1 below, 
we can prove Theorem 4.2 in this case. 

Lemma 8.4. Let Tp^ be the first time that 75 visits Fd. For a > 0, 
let daD = {z e D: dist(z, dD) < a}. For any e G (0, 1), there are Eq^Sq > 
such that if S G A4 and 6 < 60, then with probability greater than 1 — e, if 
75 (to) e deoD for some to > T^^, then 75(4) £ B{^s(to),e) for t > to- 

Proof. Since 75 is a time-change of qs, which is the loop-erasure of I5, 
so we suffice to prove this lemma with 1^ replacing 75. We first consider the 
case that /g is not a whole side. Choose r > such that D n B(u;^,3r) = 
{wi + am) n B{wi,3r) for j = 1, 2, where a\ a^ e {±1, ±i}, and B{wl;3r) 

is disjoint from B{wl;3r). Let = B{wi;r) and = D n dB^ , j = 1,2. 



62 



D. ZHAN 



Let Q{w) be the probability that hits dD at /f. Let Qr{w) be the 
probabihty that visits B1DB2 before leaving D. Then Q and Qr converge 
toH{D,Ie;-) and H{D\{B^UB'^),a'^Ua^;-), respectively, uniformly onF^i. 
Thus Qr{w)/Q{w) — > as r ^ and along Ai, uniformly in w G F^. 

Note that Qr{w)/Q{w) is the probability that visits B^ U B'^. From 
the Markov property of Y, the probability that Ys visits B^ U B^ after Fd 
tends to as r ^ and 6^0 along M.. So we may choose r,6e> such 
that P[<?e] <e/3 if 6 e M and 6 < 6e, where £^ is the event that Ys visits 
B^UB^ after Fd- 

For j = 1, 2, every point on [wi — 2a^r, vol + 2a^r\ corresponds to a prime 
end ofL*. Since w], and w1 are end points of /g, so /efl [w| — 2a-'r, tu^ + 2a''r] = 
[wi , wi + 20-^ a-' r] for some E {il} ) J = li 2. For j = 1,2, let z-' = wi — c^a^r; 
then z-' is the end point of o"-^ that does not lie on Jg. For j = 1,2, choose 

/ 6*2 G o"-' such that 61 is closer to z-' than 6*2, and let denote the open 
arc on bounded by and 91., k = 1,2. We may find two closed simple 
curves Pi and P2 in D such that for k = 1,2, 9\ and Of, are end points of p\, 

Pk ^ = {^fc}' j = 1' 2; Pi n P2 = 0; and pi := p^U p\u p\ disconnects h 
from any side of D that does not contain /g, and so pi is a crosscut in D, 
and H{pi) is a neighborhood of /g. Let p2 = P2'^ P2^ P2- Then p2 is also a 
crosscut in D, and H{p2) d H{pi). 

For j = 1,2, let /4 = f^^' \ /4- Let = /O2 U P;^ U pi and pi.s = p? U (w;g^ ^j] U 
{w1,6f\. Then pa and pi.5 are also crosscuts in D, H^p^) C H{pi,^), and 
di := dist(p3, pi.s) > 0. Prom Lemma 7.1, there are 5i,ei > such that if 5 G 
M., 6 < 5i, and w £ ds^D, then the probability that leaves B(u;; (di/2) A 
(e/3)) is less than e/6. For w G ii'(p3), if X^ hits Va(L''') then must 
intersect both p3 and pi.5, so must leave B{w;di/2) before it hits dD. 
Thus il 5£M, 6<5i and G ^(pa) n ds^D, then Q{w) >l-e/6> 1/2. 
Since Yi^ is conditioned to hit /f, so the probability that Y^ leaves 
B(i(;;e/3) before it hits dD is at most 2 times the probability that X^ 
leaves B(u';e/3) before it hits dD, and so is less than e/3 when 6 < 61. 
From the Markov property of 5^, if 5 G and 5 < 5i, then with probability 
greater than 1 — e/3, Ys satisfies that if Ys{ti) G H{p'^) n de^D, then Ys{t) G 
^{Ys{ti);e) for t > ti. Let £1 denote this event. 

Let Ue = H{p2) \ P2- Then C/g is a neighborhood of /g in D. From Lemma 
8.1, there are £2 > such that if 5 G and b <b2, then with probability 
greater than 1 — e/3, Ys does not visit d^^D \ C/g after Tp^. Let £2 denote 
this event. 

Let (5o = 5g A Ji A b2, eo = ei A £2, and £^ =£['r\£2\ £1- Suppose b £ M 
and 5 < Jo- Then V\£^\ > 1 — e. Assume £^ occurs. Suppose Ysito) G d^^D 
for some to > ^f^,- Since b <b2 and ^^2 occurs, so ^^(to) £ ^^'^e- Since b <be 
and f"^ does not occur, so Ys^Iq) G i?(p2) \ (S^ U S^) C i^Cps). Since (5 < 5i 
and £:f occurs, and YsiS-o) G i?(p3) n de-^D, so y5(t) G B(y/(to);e) for t > to- 
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The case that le is a whole side is easier. We may choose a Jordan curve 
p\n.D that disconnects Ig from other sides of D. Let Ue denote the domain 
bounded by /g and p. From the argument used in the first part of the proof, 
we have (5i,ei > such that if 5 G and 5 < 5i, then with probabihty 
greater than 1 — e/3, Ys satisfies that if Ys{ti) G Ue, then Yi{t) E B(y5(ti);e) 
for t>ti. Let £i denote this event. Prom Lemma 8.1, there are (52,62 > 
such that \i 5 ^ M. and 5 < ^2, then with probabihty greater than 1 — e/3, Ys 
does not visit 9^2-0 \ Ue after Tp^ . Let <S| denote this event. Let 5o = 5i /\52, 
eo = £1 A £2 and £^ = £ln£2- Assume 6£M and 5 < Jq, then V[£^] >l-e. 
If occurs and Ysit^) £ degD for some to > T^^, then Ys{t) G B(X5(to),e) 
for t > to- □ 

Theorem 8.1. Almost surely hmt^Sg 7o(t) = hmj^^o 7o(i) exists and 
lies on dD. 

Proof. Let L be the set of subsequential Hmits of 70 (t) as t ^ Tq, in 
the spherical metric. Prom Lemma 7.4, Theorem 7.4, and the idea in the 
first paragraph of the proof of Theorem 7.5, we have 00 ^ L a.s. So L is the 
set of subsequential limits of jo{t) as t — > Tq, in the Euclidean metric. Prom 
Theorem 3.1(ii), we have L f] dD ^ a.s. Prom Theorem 7.4, Lemma 8.4, 
and the idea in the second paragraph of the proof of Theorem 7.5, we have 
diam(L) = a.s. So we are done. □ 

Prom the property of discrete LERW and the conformal invariance of 
continuous LERW, we then have the following corollary. 

Corollary 8.3. Suppose ^{t), <t < S, is an LERW(L';'u;o h) 
trace; then almost surely \\m.t^sl{t), the limit of ^{t) in D, as t ^ S, exists 
and lies on le, and the distribution of\iint~tS^{t) is the same as the distribu- 
tion of the limit point in D of the Brownian excursion in D started from wq 
conditioned to hit le- And if Je is a subarc of le, then after a time-change, 
7(t) conditioned on the event that linit^slit) S Je has the same distribution 
as an LERW(Z); wq — > Je) trace. 

Question. Can we prove Theorem 7.5, Corollary 8.2 and Corollary 8.3 
directly from the definition of continuous LERW? 
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